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Figure 3: Chi square distributions with different degrees of freedom

Figure 4: x? distribution with v degrees of freedom

2 Lecture 2

2.1 The chi square distribution

In particular, when a = /2 and 3 = 2, we have the chi square distribution (x?) with

v degrees of freedom.

We use x?(v) to denote a random variable having a chi square distribution with v

degrees of freedom, Figure . Note that random variables x*(v) can only take on non-

negative values. So their probability density function is not symmetric.

Example 7 Show that the probability density function of a chi square distribution with v

degrees of freedom is

1 2—1,—x/2
et € , >0

fz) =

0 x <0,

where the gamma function T is given by Fq. @

Solution. Eq. is an immediate consequence of Eq. .
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Figure 5: Chi square distribution table
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Let x2 be such that the area under the chi square distribution to its right is equal to

a, see the tail in Figure[d] That is
P(x*(v) = xa) = o (24)

Example 8 Let a random variable x* have a chi square distribution with 19 degree of

freedom, find x2 5 and X3,
Solution. v = 19. By the chi square table (Figure [3)),
Xoos = 30.14, X2, = 36.19.
Example 9 Let o = 0.05. Evaluate P(Xia/g <x*(v) < X(Qx/Z)'
Solution. Since
POCW) 2 X2p) = 50 POCW) 2 ap) =13,

=1-0.05=0.95.

P(XT o <XP(V) < Xopp) =1-—

2o o
po| o

(draw a plot for the example)

2.2 Representation of Chi Square Random Variable

Theorem 3 Let Zy, Zs, ..., 7, be independent standard normal random variables, where

v s a positive integer. Then the random variable
) => 2z (25)
i=1
has a chi square distribution with v degrees of freedom.

The sum of two independent chi square variables, x*(v1) + x*(v2), has chi square

distribution with degrees of freedom of v; + vs.

Example 10 If Z has a standard normal distribution, find the probability P(Z? > 7.879).

14



Solution. By Theorem , Z? has a chi square distribution with one degree of freedom.

Therefore, by the chi square distribution table, we find P(Z* > 7.879) = 0.005.

Example 11 Let X, X5..., X, be independent normal random variables all having the

same mean | and variance o>. Define

_ 1
X == X,
- . i (26)
=1
and
X —p
7 = )
o/\/n
Show that

(a) Z has a standard normal distribution.
(b) Z2 has a chi square distribution with one degree of freedom.

(¢) Find P(Z* > 5.024). Does this value depend on n,p, or o®? Why?

Solution.
(a). By Theorem [2| Z is a standard normal random variable.
(c). by Theorem , Z? has a chi square distribution with one degree of freedom.

(c). v = 1. By the chi square distribution table, P(Z? > 5.024) = 0.025.

Example 12 Let Z1, Zs, ..., Z, be independent standard normal distribution. Show that

(a)

n

iz} => (Zi—Z)* +nZ". (27)
=1 i=1

(b) /nZ is a standard normal random variable;

(c) nZ? has a chi square distribution with one degree of freedom;

15



(d) assume that the two terms on the right-hand side of are independent, so > " (Z;—

Z)? has a chi square distribution with n — 1 degrees of freedom.

Solution.

(a)

NZP =N (2-2+2° =) (=242 (Zi-2)Z+nZ* = (Zi—Z)+nZ".
i=1 i=1 i=1 i=1 i=1

(b). According to Theorem , 7 is a normal random variable with mean 0 and variance
%. Standardization gives
Z-0
V1/n

Hence /nZ is a standard normal random variable.

ViZ -

(¢). By Theorem , nZ? has a chi square distribution with one degree of freedom.

(d). According to Theorem , >, Z? has a chi square distribution with n degree of
freedom. From part (c) above we have also known that nZ? has a chi square distribution
with one degree of freedom. Therefore, > (Z; — Z)* has a chi square distribution with
n — 1 degrees of freedom.

Finally, if we define
R _
52 = > (Zi- 2y, (28)

n—14
=1

we conclude from the previous example that (n — 1)S? has a chi square distribution with
n — 1 degrees of freedom. That is, the scaling ﬁ does not change the nature of the
distribution, although it changes the specific form of the probability density function.

The above discussions can be generalized to the following result.

Theorem 4 Let X, X, ..., X, be independent normal random variables all having the

same mean j and variance o>. Then

-1 1 &y o

o2
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Figure 6: t-distribution with v degrees of freedom, bell-shaped and symmetric

has a x? distribution with n — 1 degrees of freedom. Also, X and S* are independent

random variables.

Interpretation of Theorem [4l Note that

Moreover,

Consequently, % is like Z; and % is like Z in Example So, by Eq. , ("_0—12)52

has a x? distribution with n — 1 degrees of freedom.

2.3 Representation of t random variable

Definition 1 Let the standard normal variable Z and chi square variable x? defined in

Eq. be independent. Then

standard normal B Z A

= = (30)
chi square x2(v) >h Zi2
degrees of freedom v )

is said to have a t-distribution with v degrees of freedom.

17



Table of the

7

e e et e e = 2 T LA AY

The table gives the values of t,,, where
Pr(T,>1qv) =0, with v degrees of freedom

Student's t-distribution

0.1 0.05 0.025 0.01 0.005 0.001  0.0005
v
1 3.078 6314 12,076 - 31.821 63.657 318.310 636.620
2 1.886 2.920 4.303 6.965 8.925 22326  31.598
3 1.638 2.353 3.182 4.541 5.841 10213 12.924
4 1.533 2,132 2.776 3.747 4.604 7473 8.610
5 1476 2,015 2,571 3.365 4.032 5.893 6.869
6 1.440 1.943 2447 3.143 3.707 5.208 5.959
7 1415 1.895 2.365 2.998 3.499 4.785 5.408
8 1.397 1.860 2.306 2.896 3.355 4.501 5.041
9 1.383 1.833 2,262 2.821 3.250 4.297 4.781
10 1.372 1.812 2228 2,764 3.169 4.144 4.587
1" 1.363 1.796 2.201. 2718 3.106 4.025 4.437
12 | 1.356 1.782 2179 2,681 3.055 3.830 4.318
13 1.350 1.771 2.160 2.650 3.012 3.852 4.221
14 1.345 1.761 2.145 2,624 2,977 3.787 4.140
15 1.341 1.753 2131 2.602 2,947 3.733 4.073
16 1.337 1.746 2420 2.583 2.921 3.686 4.015
17 1.333 1.740 2.110 2.567 2.898 3.646 3.965
18 1.330 1.734 2.101 2,552 2.878 3.610 3.922
19 1.328 1720 . 2,093 2.539 2.861 3.579 3.883
20 1.325 1.725 2.086 2.528 2.845 3.562 3.850
21 1323 1.721 2.080 2518 2.831 3.527 3.819
22 1.321 1717 2.074 2.508 2.819 3.505 3.792
23 1.319 1.714 2.069 2.500 2,807 3.485 3.767
24 1.318 1711 2.084 2492 2.797 3.467 3.745
25 1.316 1.708 2.060 2.485 2.787 3.450 3.7256
26 1315 1.706 2.056 2.479 2.779 3.435 3.707 -
27 1314 1.703 2052 2473 2771 3.421 3.690
28 1313 1.701 2.048 2467 2.763 3.408 3.674
29 1.311 1.689 2.045 2.462 2.756 3.396 3.659
30 1.310 1.697 2.042 2457 2.750 3.385 3.646
40 1.303 1.684 2.021 2423 2.704 3.307 3.551
60 1.286 1.671 2.000 2390 2.660 3.232 3460
120 1.289 1.658 1.980 2.358 2.617 3.160 3.373
© 1.282 1.645 1.960 2.326 2.576 3.090 3.291

Figure 7: t-distribution
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We use t to denote a random variable having a t-distribution.
Let t, be such that the area under the t-distribution curve to its right is equal to «,
see the tail in Figure[6] That is

P(t>t,) = .

Example 13 Let a random wvariable t have a t distribution with 19 degree of freedom,

Jind to.05.
Solution. v = 19. By the t-distribution table (Figure [7]),
to.os = 1.729.

Example 14 Let a random wvariable t have a t distribution with 19 degree of freedom,

find F(—1.729).
Solution. Because t-distribution is symmetric (Figure @,
F(—1.729) = P(t < —1.729) = P(t > 1.729).
By the previous example, for v = 19, P(t > 1.729) = 0.05. Therefore, F'(—1.729) = 0.05.

Example 15 Let Z, ..., Zs be independent each having a standard normal distribution.

What is the distribution of the random variable

-2

| Z3+23+22+22
2

Solution. Firstly, since Z; and Z, are independent standard normal random variables,

by the property

Var(ai X1 + a2 Xo) = ajok, + a30%,, (31)
(see Eq. (11))) we find that the random variable

Zy — Zs
V2

19




F I
':':-a,.vl q‘i'z

Figure 8: F distribution with v and 15 degrees of freedom

is a standard norm variable. Secondly, note that

Z1—7o
Z1 — Zy B 72
Z3+Z3+ 23+ 23 Z3AZ3+ 23+ 23
2 4

Therefore by Eq. 1 , —Z=2>___ has t distribution with 4 degrees of freedom.
23+23+23+23
2

2.4 Representation of F random variables

Definition 2 Let the chi square variables x?(v1), with vy degrees of freedom, and x*(vs),

with vy degrees of freedom, be independent. Then

chi square x2 (1) 221 Ziz
_ degrees of freedom 21 - V1
F(Vl’ VQ) - chi square Tox2(e) z{'l"’l’z 72 (32)
degrees of freedom Vo el

v2

is said to have an F distribution with (v1,1vy) degrees of freedom.

We use F(v1,15) to denote a random variable having an F-distribution with (14, 1)
degrees of freedom .

An important identity. Given 0 < a < 1, Let F,(v1, 1) be such that the area under
the F-distribution (with degrees of freedom (v1,14)) curve to its right is equal to «, see

the tail in Figure[8l Then

1

Falmn)’ (33)

Fi_o(n,»n) =

Example 16 Find the value of Fyo5(10,20).

20



@
H
s Dogrees v = Degrees of Freedom for Numerator 3
of Freedom for T T | .wn.
Denominator 1 2 3 4 5 6 7 8 9 10 12 15 20 25 30 40 60 120 0 X
. -
1 161 200| 216| 225| 230| 234| 237| 239 241| 242| 244| 246| 248| 249| 250| 251 252| 253| 254 s
2 1851(19.00 | 19.16 | 19.25 | 19.30 [ 19.33 | 19.35 | 1937 | 19.38 | 19.40 | 19.41 | 19.43 | 19.45 | 19.46 | 19.46 | 19.47 | 19.48 [19.49 | 19.50 :
3 10.13| 955| 9.28| 9.12| 9.01 | 8.94| 889| 8.85| 881 8.79| 8.74| 870 | 8.66| 863 | 862| 859 8.57| 8.55| 8.53 g
4 771 694| 659| 639| 626| 6.16| 6.09| 6.04| 600| 5.96| 591| 586| 580 577 575| 572 569| 5.66| 563 g
5 661 579| 541| 519| 505| 495| 4.8 | 482| 477| 474| 468| 4.62| 456 | 4.52| 450| 4.46| 443 | 440| 437 F
6 599 5.14| 476| 453| 439 428 | 421 4.15| 410| 406| 4.00| 394| 387 | 3.83| 381 | 377| 374| 370| 367
7 559| 474| 435| 412| 397 387 379 3.73| 368 | 3.64| 357| 351| 3.44| 340 338| 334| 330| 327| 323
8 532| 446| 407| 384| 3.69| 358 3.50| 3.44| 339| 335| 328| 322| 3.15| 3.11| 3.08| 3.04| 3.01| 297| 293
9 5.12| 426 3.86| 3.63| 348| 337| 329| 323 | 3.18| 314 3.07| 3.01| 294| 2.89 | 286 | 2.83| 279| 275| 271
10 496| 410| 371| 348| 333 | 322 3.14| 3.07| 3.02| 298| 291| 285| 277| 273| 2.70| 266 | 262| 258 | 254
1 484 398| 359| 336| 320 3.09| 301| 2.95| 290| 285 279 | 272 | 2.65| 2.60| 2.57| 2.53| 249| 245 240
12 475| 3.89| 349| 326| 3.11| 3.00| 291| 2.85| 2.80| 275| 2.69| 2.62| 254 | 2.50 | 2.47| 2.38| 238 | 234| 230
13 467 381 | 341| 3.18| 3.03| 292 283 | 277| 271 | 267| 260 253 | 246 | 241| 2.38| 2.34| 230| 225| 221
14 460 | 374 334| 3.11| 296| 285 276 | 270 | 2.65| 2.60| 253 | 246 239| 234 | 231| 227| 222| 218 | 213
15 454| 368| 329 306| 290| 279 | 271 | 264| 2.59| 2.54| 248| 240 | 2.33| 228| 225| 220| 216 | 2.11| 207
16 449 | 3.63| 324| 301| 285| 274 | 266 | 2.59| 254| 249| 242| 235| 228 223| 219 215| 2.11| 206 201
Y 445| 359| 320| 296| 2.81| 270 | 2.61| 2.55| 249| 245| 238 | 231| 223| 2.18| 215| 2.10| 206 | 201 196
18 441 355| 3.16| 293| 277| 266 | 2.58| 2.51| 246 | 241| 234| 227 2.19| 24| 2.11| 206| 202| 197| 192
19 438| 352| 313| 290| 274| 2.63 | 2.54| 248| 242| 238| 231| 223 | 2.16| 2.11| 2.07| 2.03| 198| 193 188
20 435|349 3.10| 287| 271 260 | 2.51| 245| 239| 235| 228 | 220| 2.12| 2.07| 2.04| 199| 195| 190 184
21 432 347| 307( 284| 268 | 257 249| 242| 237| 232| 225| 218 2.10| 205 | 201 | 196| 192] 187| 181
2 430 344 305| 282| 266| 2.55| 246 | 240 | 234 | 230| 223 | 2.15| 207 | 202| 198| 194| 189| 184| 178
2 428 342 303| 280| 264| 253 | 244 | 237| 232| 227| 220| 2.13| 205 | 2.00| 1.96| 191 | 186| 181| 176
2% 426| 340| 301| 278 2.62| 2.51| 242| 236| 230| 225 2.18| 2.11| 203 | 197| 194| 189| 184| 179 173
25 424 339| 299| 276 | 260 | 249 | 240| 2.34| 228| 224| 2.16| 200 | 201 | 196| 1.92| 187| 182| 177| 171
30 417]332| 292| 269| 253 | 242 233| 227| 221| 26| 209 | 201 | 1.93| 1.88| 1.84| 179| 174| 168| 162
4 408| 323| 284| 261| 245| 234| 225| 218| 212| 208| 200 192 184 | 178 174| 1.69| 164| 158| 151
60 400 35| 276| 253| 237 225| 217 2.10| 204| 199| 192 1.84| 175 | 1.69| 1.65| 1.59| 153| 147| 139
120 392 3.07| 268| 245| 229| 218| 2.09| 2.02| 1.96| 1.91| 183| 175| 1.66| 1.60| 1.55| 1.50 | 143 | 1.35| 125
© 384] 300] 260| 257| 221] 210] 201] 194] 188] 183] 175] 167| 157| 151| 45| 139| 132] 122] 100
»y = Degrees of Freedom for Numerator
v, = Degrees
of Freedom for
Denominator
5403 !
: a%ww w%% 99.17 99.40 99.45 | 99.46 2632 2622 |26.13
2 o8l [ .00 52 2791 2723 |27.05 |26.87 | 26.69 | 2658 32 |26.22 | 26.
3 312 | 3082 1946 mealer 20 | 14.02 | 1391 75 13.65 | 13.56 | 1346
15.52 | 1521 | 14.98 | 14.80 | 14.66 | 14.55 | 14.37 | 14.20 | 14.02 | 13
L 220|180 ) 108 | B | i 9| 1016|1005 | 9.89 | 972 | 9.55 | 9.45| 938| 929| 920| 9.11| 902
5 1626 |13.27 | 12.06 1097 10,67 | 10.46 | 10.29 | 10.16 | 10.05 | 9. o s
87| 772| 7.56| 740| 7.30| 723| 7.14| 706 697 6.
4 1375 1092 | 978 875 | 847/ 826| 8.10| 798| 78 e e e B e W el B
85| 746| 7.19| 699 684 672 6.62| 647| 631 6.
7 1225| 955| 845) 785 746 - 52| s36| s26| 520| 512 503 495| 4386
1| 663| 637| 618| 6.03| 501 581 567 5.52] 5.
8 1126| 865| 7.59| 7.0 6 - 6| 281 471| 465| 457 | 448 | 440| 431
606 | 580| 5.61| 5.47| 5.35| 526| 5.11| 496| 4381 4
i 105 ) 510z | 009 Lo [y 20 o, 6| 494| 485| 471| 456 441 431| 425| 417| 4.08| 400 391
10 1004 | 756 | 655 599 | 564| 539| 520| 506| 494 | 485| 4. 8| 3.60| 3.60
- sa| 440| 425| 410| 401| 394 | 386| 378 | 3.69| 3.
1 065 | 721| 622| 567| 532| 507/ 489| 474 463 | 45 | 0| | | | Ak | 34a| 236
506| 482 | 464| 450 | 439 | 430| 4.16| 401 | 3.
12 933 | 653 595) 5411 200 4 366| 3.57| 351| 343| 334( 325 317
486 | 462 444| 430 419| 4.10| 3.96| 3.82| 366 3.
13 AR e b Bl (B 414| 403 | 394| 380| 366| 351| 341 335| 327| 318 3.09 3.00
14 856 651 56| S04| 409 Ad0| A28 00| 389 | 350| 367| 352 337| 328| 321| 313 | 305 | 296| 287
15 568 | 636| 542 | 489 | 456| 432| 4.14| 4.00| 389 | 3.80| 3.67| 3. vl 25
55| 341 326 316 3.10| 302| 293| 284 2
16 53| 623| 520| 477| 444| 420| 403| 389| 378 | 3.69| 35 | dasfiadel By ol o B e
434 410 379 | 3.68| 3.59 | 3.46| 331| 316 3
il 840, G| 38 457 [ A ; 371 360 351| 337| 323| 3.08| 298| 292| 284 275] 2.66| 257
18 a0l SULY Tool 239 4 w.ww 363 | 32| 343| 330| 3.15| 3.00| 291| 284| 276 | 267 | 258 | 249
19 88| 593 501|430/ 447) 2 ‘o6 | 346 | 337 323| 300 | 294| 284| 278 | 269 261 | 2.52| 242
20 810 585 494 443| 410 387 356 | 346 337 323| 3 o o
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Solution. By Eq.

1
Fb.05(10,20) = oo (20,10)

Using the F table (Figure [J) to get

1 1
= — 0.3610.
Foo5(20,10) ~ 2.77

Therefore, Fyg5(10,20) = 0.3610.
Example 17 Let t be distributed as a t-distribution with v degrees of freedom.

(a) Use the representation of t to show that t* has an F distribution with (1,v) degrees

of freedom.
(b) Use part (a) to show that ti/Q = F,(1,v).

Solution.

(a). By Eq. (30), assume ¢ is in the form of

where Z ~ N(0,1) and x*(v) has a chi square distribution of v degrees of freedom. So
Z? has a chi square distribution of one degree of freedom. Consequently by Definition
t? has an F distribution with (1, r) degrees of freedom.
(b). Since
P(t > ta) = 5,
we have (note that t-distribution is symmetric)
P(t*<tl,)=1-a

On the other hand, by part (a), t* has an F distribution with (1,v) degrees of freedom.
Therefore
P <FE,(Lv)=1-Pt >F,(l,v)=1-a.

Therefore, t2 , = Fo(1,v).
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