THE GAUGE TRANSFORM

JEFFREY GALKOWSKI

1. INTRODUCTION

These notes were prepared for a course in Summer 2023 at the CRM on the Gauge transform and
update for a course in Summer 2024 at the LMS Bath: Advances in Spectral Theory conference.
The goal of the notes is to discuss the gauge transform and analysis in resonant zones as they are
used to produce full asymptotics for periodic Schrodinger operators in dimension < 2 with smooth
potentials. The same ideas, albeit with more complicated notations and assumptions are used to
produce the same result for a wide variety of almost periodic Schrodinger operators by Parnovski—
Shterenberg. A more complicated version of the Gauge transform has been used to prove the full
asymptotic expansion for all uniformly smoothly bounded potentials in one dimension in a recent
paper by G-Parnovski—Shterenberg.

1.1.

Some basic notation. Throughout these notes we use the following notation.
(1) Dy == —i0,

1
(2) (€)= (1+ %)=
(3) Let B be a Banach space and f : (0,1) — (0,00). We say that u = O-(f(h))g if there are
ho > 0 and C > 0 depending on the parameters € such that

|ullg < Cf(h),  0<h< hg.
(4) Let B be a Banach space and f: (0,1) — (0,00). We say that u = o(f(h))g if

lim sup luls =
h—07t f(h)

(5) We say that u = O.(h*°)p if there is hy > 0 depending on the parameters € and for all
N > 0 there is Cy > 0 depending on N and ¢ such that

|ulls < CnhY,  0< h < ho.

(6) M(m x n) - the set of m x n matrices
(7) S(d x d) - the set of d x d symmetric matrices.

2. THE GOAL OF THESE NOTES

Consider a Schrodinger operator

H:=-A+YV,

where V' € C*®(R%) such that for any o € N%,

(1)

105V |z < Ca
1
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When V' satisfies , we write V' € Cp° (RY). In many ways, V is a small perturbation of —A
and hence may have a small effect on the spectrum of —A at high energy. Crucially, however V
need not decay fast toward |z| = oo and hence the perturbation is not relatively compact and
may change the nature of the spectrum dramatically, even at high energy. Nevertheless, there are
good reasons to think that these changes are in a sense small.

These notes will discuss one such manifestation of the ‘smallness’ of these changes. For this,
we define the spectral projector for H onto the interval I as

E(H;I):=1;(H),
and, for A € R, we define the spectral function for H at A by
E(H)(A\,z,y) = E(H; (=00, A])(2,y),

where E(H;(—o00, A])(z,y) denotes the integral kernel of E(H;(—o0,\]). One can check easily
using the fact that —A is elliptic and non-negative, that E(H)(\, z,y) is indeed a smooth function
n (z,y). We will also sometimes write E(H )(\) as a shortened notation for E(H; (—oo, A]).

The local density of states at x is then given by E(H)(A,z,z). One manifestation of the
‘smallness’ of the perturbation V is contained in the next conjecture.

Conjecture 1. Suppose that V € C°(R%). Then, there are a;(x) € Cf°(RY) such that for any
N and x, there is Cn , such that

N—
‘ (N x,x) A
7=0

,_.

d -
E_Ja] ‘ <CN:17)\2

As stated, the Conjecture [I] remains open, but it is known in a number of cases, for example.

) d

(1
(2) d > 2 and V almost periodic
(3) d > 2 and V decaying fast enough.
(4) d =2 and V almost periodic plus decaying
(5) d =2 and V radial
However, if one replaces V' by a pseudodifferential operator of any positive order, this is false.
A slightly stronger version of this conjecture can be stated:

Conjecture 1°. Suppose that V € Cp°(R?). Then, there are aj(z) € C;°(R?) such that for any
N there is C'y such that for all x

E\z,z) — A

In particular, the local density of states should have a complete asymptotic expansion in powers
of A, uniformly in x. This conjecture is false in any dimension higher than 1, but is true for
subclasses of potentials:

(1) d=1
(2) d > 2 and V almost periodic (+ some generic assumptions)
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(3) d =2 and V almost periodic.

If Conjecture [1°| holds, then one can, of course directly obtain the full asymptotic expansion
of the integrated density of states (when it exists) from a full asymptotic expansion for the local
density of states.

Conjecture 2. Suppose that V € C°(R?). Then, there are a;(x) € C{°(RY) such that for any
N

N-1
1 .
limsupd/ ( E\ z,x) )\%_Ja] )dm < C’N)\2 ,
R0 lz|<R =
and
1 N-—
i o o (P50 Z_O (@) 2 —OnE

In particular, if the integrated density of states exists, then it has a full asymptotic expansion in
powers of .

In these notes, we will discuss only the case of V periodic and d < 2. In the case of dimension
1, we will, in fact, prove the full asymptotic expansion of the local density of states, while in
dimension 2, for simplicity, we will only prove the full asymptotic expansion of the integrated
density of states.

It will be convenient throughout these notes to make a semiclassical rescaling of the problem.
That is, put A = A~! and consider the operator
= —h?A + B2V,
and the spectral function
E(Hp)(w,z, )
for some w > 0. Observe that
E(Hp)(w,z,z) = E(H,h 2w, z,z),

and hence we aim to prove that F(Hj)(w,x,z) (or its integrated version) has a complete asymp-
totic expansion in powers of i. While this rescaling may seem unnatural, it will allow us to work
in compact subsets of phase space and build the uniform estimates in the spectral parameter into
our microlocal calculus.

From now on, we will actually drop the ; from our notation for the operator and, abusing
notation somewhat, write H = —h?A + h2V.

3. BASIC SEMICLASSICAL ANALYSIS

3.1. Pseudodifferential operators on R". Pseudodifferential operators are quantizations of
observables on the phase space, T*R", i.e. of functions a = a(z,&) € C*°(T*R") where we use
coordinates (z,{) with z € R™ and £ € TR"™. In order to define pseudodifferential operators
carefully, we first need to define symbol classes. In what follows, given (z,£) € T*R™ we write

(€)= @+ PV
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Remark 3.1. In order to simplify notation, we typically allow functions and operators to implic-
itly depend on the small parameter h, but our constants are uniform in 0 < h < 1.

Definition 3.2 (Symbol class). We say that a € C°°(T*R") is a symbol of order m € R and class
0<d< % and write a € S§*(T*R") if for all «, 3 € N, there is C,g > 0 such that

10202 alz, €)] < Cagh=0HI5D (gym=1,

We will actually use the slightly smaller class of symbols S§*(T*R"). Here, we will need an
auxilliary parameter p(h) with ch < p=!. We we say a € SP*(T*R") if there are a; € ,u%jggn_]
depending on p but not on h such that

8;“6? (a — Nz_l hjaj) ‘ < CphV(1=20)=0(al+I8])
=0

We will often write simply a € S™ when the space is clear from context. We also define
S = ,,5™, ST =), S™. We also define S®™P to be the set of a € S™>° which are
supported in some h-independent compact set. Furthermore, we often write Sj* = 5™, i.e., omit
the 6 = 0 in various spaces of symbol classes below.

It will also be be convenient to have a notion of semiclassical Sobolev spaces. In order to define
these spaces, we first recall some standard definitions.

Definition 3.3 (Shwartz functions and distributions). We define the space of Schwartz functions
on R™ by

S (R") := {u € C®°(R") : sup |z]°|0%u(z)| < Cyp, for all a, § € N"}.
The space of Schwartz distributions, .#’(R™) is then the dual of .7(R"™).

We next recall the semiclassical Fourier transform.
Definition 3.4 (Semiclassical Fourier transform). The semiclassical Fourier transform is the map
F: S (R™) — ' (R™) given by
Fu)©) = [ et rduty)ay.
We can now define the semiclassical Sobolev spaces. The elements of these spaces are the same
as for the standard Sobolev spaces, but the norm is scaled in a way depending on h.

Definition 3.5 (Semiclassical Sobolev norm). For s € R the s-semiclassical Sobolev norm is
defined as

Hi(R") = {u€ " (R") : (§)°F(u) € LXRM)},  ullf; = @rh)™"[[{€)° F(u)]Z-.
For A:.7(R") —» .Z(R"), we say that A = O(h™)y- if for all N, there is C', > 0 such that
”AHH;N*)H}]L\] < O hV.

We may now introduce the class of pseudodifferential operators on R™.
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Definition 3.6 (Pseudodifferential operator on R™). For m € R, we say that A is a pseudodiffer-
ential operator of order m and write A € W5'(R") if there is a € S§*(T*R"™) such that

A= 0p}!'(a) + O(h*) g, [Op?Kqux)::Ch;yﬁ/eiw‘%aa(r;y,)u@»@dé

Here, the integral in Op}" (a)u, can be understood as an iterated integral when u € .%(R") and
it is not hard to check that operators in W§*(R") are bounded on .(R") and ./(R").

Remark 3.7. The W in the notation OphW stands for the Weyl quantization. There are many
other standard choices of quantization including the left quantization. We refer the reader to [?,
Chapter 4] for more information.

As with symbols, we sometimes omit the space R™ from the notation and define ¥§° := (J,, V5",
U=, V. We also define U5”™ to be those A € U5 such that

A= Opy/(a) + O(h™®) g

for some a € S5”"P. Furthermore, we sometimes write U§' = U™ i.e. omit the § = 0 from spaces
of operators below. In what follows we will need the following result of [?, Theorems 4.14,4.17]
that explains the result of composition of two pseudodifferential operators.

3.2. Symbol map. We now recall the most important, basic properties of the pseudodifferential
calculus [?, Appendix EJ.
Theorem 3.8 (Symbol map). There is a map
oms : U5 (R") = S5 (T"R")
such that the following holds.

(1) Suppose that A € T and 0y, 5(A) = 0. Then A € K= ~1,
(2) Suppose that A € V5'. Then, A* € U and oy, 5(A*) = 0y 5(A).
3) Let A€ U™ and B € 2. Then AB € W{"™ and

d § é

0m1+m2,5(AB) = am1,5(A)Jm275G(B)'
(4) Let A € W9 and B € W), Then [A, B] € h!= 0¥ M1 gpq
Um1+m2*1,5(h2571[A7 B]) = _ih26{0m1,5(A)7 Umz,(s(B)}?
where {a,b} denotes the Poisson bracket of a and b.

Remark 3.9. Usually, we will write o for the symbol map, leaving the m, § implicit.

Finally, we record the boundedness properties of pseudodifferential operators [?, Proof of Tho-
erem 13.13].

Lemma 3.10 (Boundedness properties). Let A € W{*(R"™). Then for any s € R there is C > 0
such that for 0 < h < 1,

|l gy < C.
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3.3. Wavefront set. Before proceeding to properties of pseudodifferential operators such as el-
lipticity, we introduce the wavefront set of a pseudodifferential operator.

We can now define the essential support of a symbol and the wavefront set of a pseudodifferential
operator. These notions codify the idea of the ‘support’ in phase space of a pseudodifferential
operator.

Definition 3.11 (Essential support). Let a € S§*. For (zo,&) € T"R", we say that (zo,&o) ¢
esssupp(a) if there is an h-independent neighborhood, U of (z¢, &) such that for all o, 5 € N,
and N € R, there is Cogny > 0 such that for 0 < h < 1,

10200 a(,6)| < Capnh®™,  (2,€) € U.
Definition 3.12 (Wavefront set). Let A € W§". For (z9,&) € T'R", we say that (xo,&) ¢
WEFY,(A) if there is a € S§* such that (zg,&o) ¢ esssupp(a) and
A = Opp(a) + O(h™) g-.

It is easy to see from the definition that for any A € U™, WFy,(A4) C T"R" is closed.
The crucial feature of the wavefront set is contained in the following lemma [?, (E.2.5)].
Lemma 3.13. Suppose that A € W', B € W, Then,
WFL(AB) € WFL(A) N WFy(B).

Remark 3.14. Let A € U™. Because of Lemma one may think of WF},(A) as the set on
which A ‘lives’; i.e. Au contains no information about the parts of u which are not in WFy(A). We
will see in the next section (see Lemma[3.17) that when |o(A)(z, )| > (&)™ for (x,£) € U C T*M,
then Au encodes all the information about the function v on U.

Lemma 3.15. Suppose that A € U™ and WF(A) = 0. Then A= O(h™)g-c.

The wavefront set, by definition, is an h-independent subset of TR™.

3.4. Ellipticity and inverses. We now define the notion of ellipticity for pseudodifferential
operators.

Definition 3.16 (Ellipticity). Let A € U(M). For (x0,&) € T M, we say that A is elliptic at
(20, &), and write (z0,&) € Ell(A), if there is a neighborhood, U ¢ T"M of (z9,&) and ¢ > 0
such that

lo(A) (@, > (™, (2, ) eUNTM

It is easy to see from the definition that for any A € U™ (M), Ell(A) € T"M is open.

__ Ellipticity gives an appropriate conditions which guarantee that A is invertible on a subset of
T"M in the following sense.

Lemma 3.17 (Elliptic parametrix). Suppose that A € U§"' and B € ¥ with WF(B) C ElI(A).
Then there are E,, E, € V5™ such that

B=E,A+O(h®)y-w, B=AE,+0(h®)g-«.
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As with many constructions in semiclassical analysis, this lemma is proved by an iterative
construction. The nonlinear part of the construction is done by solving a top order equation,
and then each successive iteration involves only the solution of a linear equation. In the case of
the elliptic parametrix construction, this is particularly simple since the equations involved are
algebraic.

Proof. Let e = o(B)/o(A). Then, since WF(B) C Ell(A), |0(A)] > ¢ > 0 on suppo(B), and
hence, e € S~ . Putting E, , := Opp(e), we have
Um2,5(EL,0A - B) =0,

and therefore,
E,,A=B+h'"?R,,

with Ry € Wy~
Supl?ose we haxlfi fou]s(_ilej,'(ija)Q 1,....,.N—-1,¢ € S:;nrml*j such that suppe; C WFy(B),
and, with £, = ijo n Opn(ej), we have
(2) E,, ,A=B+hNU2R
for some R, € \I/gnTN. Now, since suppe; C WFy(B), WFL(E, _,) C WFy(B) and hence,
WFL(Ry) = WF, (R YU"2)(B — B, | | A)) C WFL(B).

Therefore WFy,(R,) C Ell(A) and hence e, := —o(Ry)/0(A) € S5 N"™ and

(B, vy + WV E20p,(en))A - B = WNO"2)(R + Opy(en)A) € B2 gm2=N,
and
0'm2_N75(RN + Opp(ey)A) = 0.
Therefore,
(Eyy + 2N E20py (e ))A— B = hWNTDU20R

for some Ry, € Pm2—N=1 " Tp particular, putting E, = Z;V:o h/ Opy(e;), we have with

N —1 replaced by N. In particular, there are e; € \II?Z_WQ_j for j = 0,1,... such that (2 holds
for any N. Setting F, ~ Zj hj(l_Qa)Oph(ej), completes the proof of the first equality.

The proof of the second equality is nearly identical and we leave the details to the reader. [J
3.5. Auxilliary facts.
Lemma 3.18. Suppose that P € U™ is self-adjoint such that

lo(P)(z,8)| = clg|" = C, (x,§) € T*R".

Then, for all x € C°, x(P) € U°™P qand
WEL(X(P)) € {(2,€) :p(z,€) €suppx},  WEFy(I —x(P)) C {(z,§) : p(z,§) € supp(1l — x)}-
Proof. TODO? O
Lemma 3.19. Let A € U0, Then e € 0O,
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Proof. We will construct an asymptotic series b; € S~/ such that, with
B~ hib;,
J

we have €4 = Opy,(Be**(A)) 4 O (i) —oo. Set by = 1. Then,
Dy(e™ " Opp(boe™" ™) = e (= AOpi (7Y + Opp(a(A)e" )
= e "AhR, (t)Opn (e )
for some Ryi(t) € ¥~1. Now, suppose that we have b;(t) € S~/ such that, with By_1(t) :=
S hbj(t), we have
Di(e™""40pn(Bn-1(t)e™ W) = e BN Ry (£)Opy (),
for some Ry € UV, Then, let by(t) solve
by (t) —io(A)bn(t) = —o(Rn),  bn(0) =0,
Le.
by = — /t e =97 5 (Ry) (s)ds € UV,
We have ’
Dy(e™ " Opn([By-1(t) + BV bx (1)]e"7D))
= e RN Ry Opy (€7 N)) + N e A (Opy, ((—ibn () (A) + by (1)) 7))
= Y Ry Opy (e7N) + bV e Oy (i (1)5(4) + Uiy (1)) + hBxv 1) Opi (7))
— pNHLTHAR Y Opp (it @),
where Ry 11 € $~V~1 Then, by induction, setting B(t) ~ > h7b;(t), we have
Dy(e” " Opy(B(t)e" ")) = e O(h) g

So that ' ‘
e 0pp(B(1)e ™) = T + O(R™) s 2

Hence,
e — Opn(B(1)e" W) = O(h™) s, 12
and, in particular e®4 : H n° — H,* is bounded uniformly in h.
Repeating the construction, we also find B(t) such that
Dt(Oph<B(t)eita(A))efitA> _ O(hoo)\yfooeiitA,
and hence, since €™ : H,* — H, * is uniformly bounded,
O(h%°) g-soe ™ = O(h®) g—co.

In particular,
¢~ Op(B()e ™) = O(%) g
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Lemma 3.20. For B € ¥, As € K*U°, and any N
, . N-1 g
eZABe—'LA _ Z 7‘ ad_qu c hN(l—Q(S—i—Z)\I]gan.
j=0 "
In particular,
e"Be™ — B —i[A, B] € B2 0@ N,

Proof. Observe that ' 4 4 .
DfeztABefztA — eZtA ad];; BefztA.
Thus,
. . N-1 o 1 iN ) )
¢4Be™ A =Y —ad) B+ / m(1 — t)N=1eitA qdY Be 4.
- 7] 0 — :
7=0
Now, ¢4 € U0 and adY B € hN(l_Q‘H‘Z)\IJgn*N. Therefore,

1 N
/ ﬁ(l — )N e ad) Bem"dt € RNUHOwN,
O - .

and hence the lemma follows.
Remark 3.21. Really all we need here is that e*4 : H i — Hj for any s.

eiAB _ BeiA — (eiABe—iA _ B)eiA

4. BASIC REDUCTIONS

We start by discussing the natural requirements for the spectral function of two operators to
be close. First, notice that closeness of two operators, H; and H> in any norm does not suffice
for the spectral projectors, E(H;)(X) to be close to each other. For example, consider

10 10
H1:<0 2)’ H2:(0 2+€>’

e = (o ). mme=(5, 0 o)

Indeed, an eigenvalue of H; may be perturbed out of (—oo, A] and hence, a small perturbation
may cause a large change in the spectral projector in any topology. If, however, we consider
E(Hp)(\) for X ¢ Spec(H;) the spectral projectors will always be close. This assumption is too
much for our purposes since we typically expect the spectrum of our operators to include most of
[0,00) e.g. for periodic Schrodinger operators. Therefore, we need something a little weaker.

Notice that

Then,

E(H)(A; 2, y) = (E(H)(X)dz, 0y) = (E(H)(X)dz, E(H)(A)dy),

so we can work in the strong topology.
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In particular, an important ingredient in the proof is the smallness of
(3) E(H2? (>\ — LA+ L])(SI = E(HQ)()\ + L,$,$) - E(HQ)()‘ - 4L, l’)

for small ¢.

Our next Lemma will be used to show that if two operators are close near a particular energy
level, then their spectral projectors are close in the strong topology near that energy level (see
Lemma |4.2). First, we prove the following lemma.

Lemma 4.1. Let H be a Hilbert space, a € R, s > 0, J C R an interval and Hy, Ho be self-adjoint
operators on H with H; > a for j =1,2. Define J_ := J°N(—o0,inf J] and J4 := J°N[sup J, 00),
and

e1:= ||[E(Hy; J-)(Hy — H2)E(Ha; J4)(Ha + (1 —a)I)®],
(4) g9 := ||(Hy — H2)E(Ha; J)(Ha + (1 — a)I)*|,

e3:= ||E(Hy; J)(Hy — H2)(Ha + (1 —a)I)*.

Suppose that X —a > 1 and [\ — 1, A+ ] C J. Then,

| E(H1; (=00, A — ¢|) E(Ha; [N+ 1;00)) (H2 —a + 1)%|| < W

Proof. Assume that
(5)  ¢=E(Hi;(—00,A = 1)),  (H2—a+ 1) = E(Ha;[A+1,00))(Ha —a+ 1)),

with ||| = ||¢|| = 1. Then we need to establish |(¢, (Hy — a 4 1)%)| < ZEFE2E3) e have

L

(6 (Hy — a+ 1)) = / (Hy - 2746, (Hy — a+ 1)*4)dz

o

(¢, (Hy — 2) " (Hy — a + 1)%)dz

(6, (H2 = 2)™' + (H1 — 2)"'(H1 — Ha)(Hz2 — 2) "' (H2 — a + 1)*¢)dz

(¢, (Hy — 2)"'(Hy — Ha)(Hy — 2) ' (Hz — a + 1)*¢)dz

T 5

(Hy — 2) Yo, (H) — Ho)(Hy — a + 1)*(Hy — 2) ") dz

where v = ~y is the closed square contour in the complex plane symmetric about R and inter-
secting R at A and —N where N > —a is large. Note that in the next to last line we have used
that with 4 the contour conjugate to v,

/(H2 — 2 B((\ + 1, 00; Hy)dZ = 0.
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Now,
(Hl — HQ)(HQ —a-+ 1)8
= E(Hl; J)(Hl — HQ)(HQ + (1 — CL)I)S + E(Hl; JC)(Hl - HQ)E(HQ; JC)(HQ + (1 - CL)I)S
§ B(Hy: %) (Hy — H)E(Ho; J)(Hy + (1~ a)I)"

Therefore, we need only to estimate the three terms

I = /((Hl — Z)_l(b, E(Hl; JC>(H1 — HQ)E(HQ; JC)(HQ —a+ 1)5([_[2 — Z)_lw)dz),

)

II = /((H1 —2)7'¢, E(Hy; J)(Hi — H2)(Ho — a + 1)°(Ha — 2)~'4)dz
i

II1 := /((H1 —2)" Y, B(Hy; J¢)(Hy — Ho)E(Hy; J)(Hy — a+ 1)*(Hy — 2)’11/1)dz‘.
vy

For I, we observe using that

N—oo N—oo

. =12 1/2 -1 9 1/2 Lgl
< Jim ( / (2 =)t oiPla) (| (0 = o) olPlael) < T

Similarly, we estimate

lim I = lim ‘ /((Hl — Z)_l¢,E(H1; J_)(Hl — HQ)E(HQ; J+)(HQ —a+ I)S(HQ — 2)_11/1)d2”
v

(g2 +€3)
L
to finish the proof. O

lim IT+ 11T <
N—oo

We then use Lemma to estimate the difference between spectral projectors in the strong
operator topology.

Lemma 4.2. Let H be a Hilbert space, a € R, s > 0, and Hy, Hy be self-adjoint operators on H
with H; > a for j = 1,2. Define €1,¢€2,¢€3 as in . Then, if e1+ea+es < 1, and [A—t, A\ +1] C J,
forany feH, A>a+1, and >0,
(6) [[EH)(VA) = E(Ha) (VA flln < 2 E(Ha; [N = 0, A + o)) £l

n 27T(61 —|—L€2 + 63) (

IE(H2) (V) fll3 + (| (Ha + (1 = a)f)_SfHH)-

Proof. Consider
E(Hz)(VN)f = B(Hz; (—00, A — ) f + E(Ha; [\ = 1, A)) f
= [E(Hla (—OO, )‘]) + E(Hl; ()‘7 OO))]E(HZa (—OO, A— L))f + E(H2; P\ - )‘])f
Now, using Lemma, with s = 0, A replaced by A+ 5 and ¢ replace by 5, we have
| E(Hy; (A, 00)) E(Ha; (=00, A = 0)) fI| = | E(H1; (A, 00)) E(Hz; (=00, A — 1)) E(H2) (VA) f|
€1+ €2+ €3

< QWfIIE(Hz)(\f)\)fH-



12 JEFFREY GALKOWSKI

Now,
E(Hy; (=00, ) E(Hz; (=00, A = 1)) f = E(H1) (V) f = E(Hy; (=00, A))) E(Ha; [ = 1,00)) f,
and, using Lemma |4.1| again on the second term
|E(Hy; (=00, M) E(Ha; [A — ¢, 00)) f
< [[E(Hy; (=00, A])) E(Ha; [A — 1, A+ 1)) f
+ [ E(Hy; (=00, ) E(Hz2; [A +¢,00))(H2 —a+1)°(Ha —a +1)7° f||
27(e1 + €2 + €2)

< E(Hz; A =6, A+ 0)) fIl + I(Hy —a+1)7"f]],

which completes the proof. ([l

Corollary 4.3. Let H be a Hilbert space, a € R, s > 0, and Hy, Hy be self-adjoint operators on
H with H; > a for j =1,2. Define

(7) e := [[(H1 = Hy)(Ha + (1 — a) 1),
Suppose that A —a > 1. Then, Then, if e <1 forany f e H, A>a+ 1, and ¢t > 0,
(8) [EH)VA) = E(H2) (VA flln < 21 E(Hz; [A = 0, A + ) f |
+ T (B (V0 e+ I+ (1= a)1) ™ Pl
Proof. Observe that e1,¢9,e3 in all satisfy ¢; < e. O

4.1. Application to Schrédinger operators.
Lemma 4.4. Let 6 >0, V € ¥2=° and put
H:= KA+ 1V
Then, for any w € R,
I1EH) (@) fllrz < C)|1fll -
Proof. Observe that H > —1 for A small enough. Therefore,
VECH) @) f 2 = I1ECH) @) (H + 1) (H + 1)~ | 12
< @2+ 1| EH)@)(H + 1) fllpe < @2+ D5 (H + 1)~ fl] 2.
Next, since (H +1)7% € =25 the lemma follows. O
Lemma 4.5. Let 61,02 > 0, Vi, Vo € U2~% | and put
o= —K2A+h2Vi,  Hy:= —h2A + h%Vs.
Let 0 < e <min(1,8,) and a(h) < b(h) —5h° and Vi(z, &) = Va(z, &) for a < [€> < b. Then, with
J =[a+ h®,b— K°], for any s, we have
|E(Hy; J-)(Hy — H2) E(Ha; J4)(Hz + 1)°|| = O(R™),
(9) [(Hy — H2)E(Hz; J)(Hy +1)°|| = O(R™),
|E(Hy; J)(Hy — Hz)(Hy +1)°[] = O(R).
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Proof. Observe that J_ = a+ h®, J = b— h°. Let x4 € S. with xy_- = 1 on (—o0, J_ + K°),
supp X— C (—o0,b—2h%), and x4+ =1 on (J4 — A%, 00) with supp x4+ C (a + 2h%,00). Then,

E(Hl; J_)(H1 — HQ)E(HQ; J+)(H2 + 1)5
= E(Hy; J-)x—(H)h*(Vi = Va)x4 (Ha) E(Ha; Jy ) (Ha +1)* = O(h) g
since x—(H1), x+(Ha) € W2 with MSy (x—(H1)) N MSp(x+(Hz)) = 0.

Remark 4.6. If ¢ = 0, use wavefront set.

Now, let x € S; with x = 1 on [a + A%, b — h®] with suppx C [a + %he,b — %he]. Then,
X(H1), x(Hz) € ¥ and MSy(x(H;)) C {a < [¢* < b}, hence

(Hy — H2)E(Ha; J) = h2(Vi — Va)x(Ha) E(Hz; J) = O(h™)g—co

and
E(Hy; J)(Hy — Hy) = E(Hy; J)x(H1)E? (Vi — Vo) = O(h°) g

Corollary 4.7. Let 61,65 > 0, Vi, Vo € W29 and put
Hy = —R2A+02Vy,  Hy:= —h2A+ h%2Vs.

Let 0 < e <min(},682) and a(h) < b(h) —5h° and Vi(z,€) = Va(x,€) for a < |€|* < b. Then, for
w? € [a+ ke +1,b— h° — 1, we have

1E(H ) (W) f = E(H2) (W) fIl < [E(Hzs X = 0, A+ ) fllzz + ORI 1l

Proof. The corollary follows from combining Lemma [£.2) with Lemmas [4.4] and a

Remark 4.8. Given Vj, we can replace V; by Vo which agrees with V; near [£]? € [a,b] and is
zero outside a small neighborhood thereof provided that we have

[E(Hz; (A=, A+ ) fllze < 1.
For the spectral function, observe that
E(H) (VA z,2) = (E(H1)(\)bs, E(H1)(N)dy).-
Hence, it is enough to have that
1B (Ha; A=, M) fll 2 = (E(Hz; [A=t, A+1])0s, 00) < E(H2)(VA+ 20) (2, 2) = E(Ha) (VA — 20) (2, 2) < 1.

To see that the spectral function for Ho and H; are close. For instance, it is enough to have a
complete asymptotic expansion for the spectral function of Hy. The upshot of all of this so far
is that we can work with an operator which is equal to the Laplacian away from some particular
energy surface.
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5. GAUGE TRANSFORMS

Let x € C°((—1,3)) with x = 1 near 0. We now start with the operator
Hy := —h*A + h*x(|hD| — 1)V x(|hD| — 1).
Our goal is to construct a unitary operator, U such that
UHyU* = Hs + O(h) y—s_pye,  Hz = —BA+ B2m(hD) + h* Xyes

where X5 is sufficiently structured so that one can compute the spectral function for Hs. Observe
that, using Corollary it will be enough to understand the spectral projector of Hs := U*H3U,
(and hence that of H3) provided that we have

E(H3)(VA+ 21, z,2) — E(H3) (VA — 20, 2,2) < 1

In particular, if we can show that E(Hs)(p)(z, ) has a full asymptotic expansion in powers of p,
then we will obtain the same for Hy and hence Hj.

Ideally, we would like to have X,.s = 0 since the spectral function of a Fourier multiplier is

easy to compute. However, we will see that it is not possible to do this in dimension larger than
1.

Lemma 5.1. Let m € C(R%). Then,

1 i
E(m(hD); (—oo,w])(z,y) = (27rh)d/(§)< e (@=v) g

Proof. Since the semiclassical Fourier transform diagonalizes m(hD); i.e. Fpym(hD)F;, ' = m(€),
we have

E(m(&); (—00,w]) = Liy(e)<w
Therefore
E(m(hD); (—o0,w]) = }_h_llm(é)gwfh,

and the claim follows. O

Remark 5.2. In fact, it is possible to compute the spectral function for operators more general
than Fourier multiplier. e.g. —h?A + A%V, where V € C°. We, however, will not discuss this
here.

5.1. Basic Examples of Gauges transforms.

5.1.1. An operator on S'. Consider first
H := hD,, + hV : L*(SY) — L*(S").

Our goal is to compute e.g. the spectrum of H and, to this end, we want to ‘remove’ V via a
unitary conjugation. In this case, we consider

Hy =¥ He ' = hD,, — hf' + hV.
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Ideally, we would like to solve f/ = V, but this may not be possible since f should be a periodic
function and hence

2
f'(z)dz = 0.
0

We can, however, set
x B B 1 2
fla) = / Vi) - Vi, Vo= 4 [ xv(s)ds.
0 21 Jo
so that -
Hy =hD,+hV.

Notice that V is a constant and, in particular, commutes with AD,. Hence it is easy to see that
o(H))=c(H)={n+hV : ncZ}.

5.1.2. A 2 x 2 matriz. Consider the matrix

v ()

It is, of course, possible to diagonalize the matrix explicitly, but we want to emulate the procedure
below. Hence, assume A = O(e) and write

e He ' = H 4 i[A, H] + O(e?)

Hence, we solve

(0 5) = —i[A, H] + O(e?) = —i[A, Hy) + O(s?),  Hy:= (1 0)

e 0 00
0 —ue
A'_(ie 0)’

Doing this, we arrive at
A g e—iA _ 1+0(%) O(e?)
cT o o)

We can then repeat the procedure to diagonalize modulo O(e).

and

5.2. Discussion around the Gauge transform. Consider
Di(eA Hae= A = [ A, Hyle 4,
so that .
e Hye M = z'/o (A, e Hye "4 dt + H,

Since we want e Hye™* = Hy — B2V + h?B, where B is pseudodiffferential, it is natural to look
for [A, Ha] = O(h?)yeomp, and hence A € AU™P. Thus, we are in the situation of Lemma
and we have
eiAHze_iA — Ho + Z[A, HQ] S RAgeomp
Now,
[A, Ha) — [A, —K2A] € hApeomp
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So, we aim to find
il 2[A,R2A] =V + Lo.t.
In particular, A = hOpp(a), where
—Hipa = —2(§,0:)a=V.
So the question is: when is there a symbolic solution to this equation. Obvious problem— growth
asr —ooeg V=1

Next, question: What is ‘safe’ to leave behind? Obvious answer: Fourier multipliers — spectral
function for Fourier multipliers.

So, we aim to solve

—HI§|2(Z = —2<€, 8x>a =V + S,

where S is safe. In the case of periodic operators, this is more natural on the Fourier transform
side

—2i(¢,0)a(s,0) =V(0), 0#0

In particular,

(€, 0) = ;?3 (£,6) #0.

So, we have some more obvious problems when (£,6) =0, e.g.

O a(x, &) = cos(xz) & a(x,&) = x1 cos(x2) + f(x2).

We need to avoid this situations— resonant zones

5.3. Gauge transform in dimension 1. Suppose that V € C*°(R;R) is periodic; i.e.
V:Zvneme, Uy = U_p, Z]n\%\vn\2 < 00

Consider

Hy == —h*92 + h*x(|hD| — 1)Vx(|hD| — 1)
Lemma 5.3. There is ® € AV™P self-adjoint such that

e Hye™® = —B2A + B2m(hD) + O(h*) g—ce.
Proof. Let V = vy and
1 z _
a.€) = gex(lel =12 [ (V= V)(epas

Then,
2(€,0)00 = x([¢] = DV (@),

and, since V' — V has zero average, ¢y € S°°™P is periodic in z. Hence,

i[Opn (o). W A] = KX (|AD| = )V x(|hD| — 1) + Ry,
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where Ry € W™ periodic in z and WF(R;) C {€ : || — 1 € suppx} In particular, with
Q= Oph(hd)O)a ) )
e Hye ™0 = —B2A 4 B?my (hD) + B3Ry,

where my € S™MP Ry € WP s periodic in = with zero average and WF(R1) C {{ : |[§| -1 €
supp x }. Suppose that we have found ¢; such that with ®y_; = hZ;V;Ol R 0py(9;), we have
€PN Hye PN = —R?A + WPmy (hD) + B**N Ry,

where my € S Ry € WP ig periodic in x with zero average and WFy(Ry) C {£ : [£|—1 €
supp x }.
Now, put

on(x,§) = 215/096 o(Rn)(s,&)ds.

Then,
2(§, Ox)dN = o(RN),

and, since o(Ry) has zero average, ¢y € S™P is periodic in z. Hence,
i[Opn(FN o), B2A] = BV Ry + BN 3 Ry .1,
for some Ry € U™ periodic in 2 with WFL(Ry41) C {€ : |€] — 1 € supp x}. In particular,
"N Hoe TN = _12A + B2y 41 (RD) + BTN Ryq,

for some mpy41 € SMP, Ryy1 € UO™P g periodic in z with zero average and WFy(Ry41) C

&+ I¢] =1 € suppx}.
Setting ¢ ~ Zj R IOpp(¢;), then completes the proof. O

Theorem 5.4. Let V € C*°(R;R) be 27 periodic. Then, with
H:= —R*A + 1%V,

for w near 1, we have

1 Grw)
E(Ha (—OO,W])($,y) = 5% eﬁ<x7y7§>a(x7y7£)d€7
27Th {;(w)
where ‘
Giw) =Y W W), &) =+,
J
and a € SY.

Proof. First, observe that by Corollary [£.7] it is enough to find an asymptotic expansion for the
spectral projector of
Hy := —h?A + B?x(|[hD| — 1)V x(|hD| — 1).
Then, by Lemma there are ® € hP™P m € S°™P such that
P Hye™® = —B2A 4+ B2m(hD) + O(h™®) g—co.

Let
Hs = e_iq)( — B2A + h2m(hD))eiq>, Hy:= —hW2A + h2m(hD).
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Then,
H3 - HQ = O(hoo)\pfoo
and hence, by Corollary it is enough to find a complete asymptotic expansion for the spectral
projector of Hs. Since, Hj is a Fourier multiplier, we have by Lemma
- 1 i
E(Hs; (—o0,w])(2,y) = 5— eiTrade,

2mh |§|2+h2m(£)§w

Now, let f}f (w) solve
[€is (@) + 7Pm (& (W) = w,

with | £ y/w — f,jﬂ < %. Then, by the implicit function theorem,

G =D WeFw), & ==V,
J

and

~ 1 (9w,
E(Hsz; (—oo,w])(x,y) = / en(T=uE) ge.
27Th 5;((4))
Next, observe that
B(Hs; (—00,w]) = 7 B(Hy; (—o0,w])e™,
and, since e*® ¢ ¥0

e:l:ii’(

1 i
xvy) = m/€ﬁ< y7§>aﬂ:($7£)d§7

for some a+ € S°. In particular,

1 & (w) ;
E(Hs; (—o0,w])(2,y) = 53 / / en(@=tO+ =2 H=v.0 (1 €)ay (2, )dzdtdEdCdr.
(27Th> 5; (w)
Performing stationary phase in (¢, z, &, () then completes the proof. O
5.4. Gauge transform in dimension > 2. We will focus on the gauge transform as it applies
to a two dimensional periodic operator. That is, let
H = —hr*A+ RV,

where V is periodic with respect to the lattice I, with dual lattice I" i.e.

V= Z agei<9’$>, ag = a_gp.
ger

We first replace V' by x(|AD| — 1)V x(|AD| — 1) using Corollary 4.7 as in the 1 dimensional case
and claim that it is sufficient to find an asymptotic expansion for

Hy := —h*A + B?x(|[hD| — 1)V x(|hD| — 1),
As before, our goal is to find a unitary operator, U so that

UH\U* = Hy + O(h®) s ype,  Ho:= B2A + W*m(hD) + h* Xyes
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where X, is sufficiently structured so that one can compute the spectral function for Hy. As we
have seen, in higher dimensions, one cannot avoid resonant zones and so the procedure will be
substantially more complicated than in 1-dimension.

One extra complication is that, in practice, one uses a discrete parameter
10734 < h,, < 10%,

which is locally constant in A. We will then compare the results of our computation with two
different choices of A, in order to obtain the final asymptotics. However, this extra complication
is technical rather than conceptual, so we will work with only the small parameter A.

Lemma 5.5. Suppose that u,v € '\ {0} with u ¢ Rv. Then, |sin@| > c(||ul|||v]])~!, where 6 is
the angle between u and v.

Proof. The volume of the parallelogram spanned by wu, v is given by
det (u v) = det F'A,
where A has integer coeflicients and F' is invertible.
|det (u v)|>ec.

Now,
det (u v) = |Jul|[Jv] sin¥,
where 6 is the angle between v and v. Therefore
(sinf| > c__ o c
sinf| > > .
llllloll = Clullflol)

Lemma 5.6. Let 0 < 6 < 1,26 <& <min(3,1—6). Then there is ® € h=°W™ such that

¢PHie ' = WA+ B*m(hD) + Y h*Opu(eg(€)e™™) + O(h®) g,
lo|<h=2

where m, ey € Se°F,

suppeg C {(z,&) : [h79(€,0)] <3, [§] — 1 € suppx},
and,
eg,m are analytic in (£,0%) for |€| ~ 1 and |h™5(€,0)| < 3.

Proof. Fix § > 0 and let
Vi, = Z vge?®)

ol
|6|<h—?

Then,

|V = Villon < CnRY.
Let ¢ € C2°(—3,3) with ¢ =1 on [-2,2]. Then, let ¢; € C*(-2,2), j =1,2,... with ¢y =1 on
[—1,1] and supp ¥; Nsupp(1 — ;1) = 0. Now, let € > 0, with e +6 < 1, and set V = vy and put

do= Y dosx,8),

o|<h—°
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with
bua(e,€) = X216~ 11 = a(h(€0) [ vaet 20
9 11— h_(; g ei(@,x)
— 26~ 1) = a0 )
so that

2(¢,000,0) = X2 (1] = 1)(1 = 1 (h™°(E, 0))uge’™
In particular, ¢g € h™°Sc”™P and, with ®y = hOpy, (o),
P He "0 = —R?A+B*\*(|hD| - Dvo+ > KX (|hD| = 1)1 (k== (0, hD))vee'®® x (|hD| - 1)
|o|<n—°
+ B3Ry 4 O(h®) g-oo,
where Ry € U, is I periodic and WF},(Ry) C {£ : || — 1 € supp x}.
Now, suppose ¢; € S¢”™P such that, with ®y_1 = Z;-V:_Ol hh/(1=%) ¢, such that

e!PN-1 [T iPN-1 — +h*m e W - + ) p—oo
NI He TN = —R2A+RPmy (hD)+ Y B?Opa(eg n (€)™ RPN IO Ry+O(h°) g oo,
lo|<h=s

where
suppeg,nv C {€ © h7°(, 0) € suppw, €] — 1 € supp x},
and, with Ry = Opp(rn), rv =D TQ,N(ﬁ)em‘”), we have

€9,N,MN,, Tg,N are analytic <§79L> for ‘§| ~ 17 |h—5<£’9>’ < 3

and
suppro,y C {€ : [¢] — 1 € supp x}
Now, put
on= Y. ¢nol@,9),

0<|0|<h—9

with
(@€ = (1= ((E0) [ rwal©)c 0
» (i(6.2)
= (1 = ¢n(h(E,0)))rne(E) 2(E )

we obtain

PN He "N = —R*A+h?myi1(hD)+ Y hOpp(egn+1e)+RT VIO Ry 4O (h®) g,
10|<h=s

Ccom com Ccom
where my11 € Se0 P, eg N1 € Se0 T, Ryyq € Se0P,

suppeg.n; C {(2,€) : h™°(§,0) € suppYn11},
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97) e have

and, with Ryi1 = Opp(rn+1), ry+1(2,€) = Y g o n41(E)e
€0 N+1, T0,N+1, MN1 are analytic <§,0J‘> for [£] ~ 1,|h7(£,0)| <3

and
supprg,n+1 C {¢ : [§] — 1 € supp x}
Putting ® ~ hzj hj(1*5)¢j completes the proof. ]

6. COMPUTATION OF THE INTEGRATED DENSITY OF STATES

For simplicity, we now restrict our attention to the integrated density of states:
1

(2m)¢ Jier-
where N(H, A, k) is the eigenvalue counting function for

etke fe—the, u(x + ) = e*u(x).

N(H,\) =

N(H,\, k)dk,

In particular, this quantity is clearly unitarily invariant (provided the unitary operators also
commute with translation by I'). Therefore, it is enough to compute N(Ha, \), where

Hy := —h*A+ h*m(hD)+ Y h*Opp(ea(£)e”),
[o|<h—°
and we will focus on this from now on. To simplify things further, we will assume there is exactly
one resonant zone corresponding to = (1,0). In particular,
h76
Hy := —h*A + h*m(hD) + Z h20pp, (en(€)eme1),
n=1

where e, € Sc”"' is supported near || = 1 and in |¢;| < h® and is analytic in & in a neighborhood
of [¢] = 1. We then define

9D = {’51’ ZMha}a X = {|€1‘ SMhE}a

and put
Iy = fh_llgfh
and
Iy = .Fh_ll%}_h,
It will also be conventient to use the fact that

N(H,w) = lim — E(H,w,xg,x0)dzg

Observe that
Hsllg = 11 Hy,
and
Hylly, = 114 Hs.
Therefore,

€(H2,w,.7}0,.7)0) = <E(H27W)5zo,5wo> = <E(H2,W)Hg5w0,ﬂg5xo> + <E(H2,W)H@(5x0,ﬂg5mo>.
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22
Define
1
Ng(Hs2,w) = lim / (E(Ha,w)156y,, 15dy,)dxo,
R—o0 7TR |zo|<R
Ng(Hz,w) := lim (E(H2,w) 505y, g0y, )dzo.
R—o0 7TR lzo|<R
We first understand the contribution of the non-resonant zones to the integrated density of
states

Lemma 6.1. We have

Proof. Observe that
E(Hy,w)lly = E(IlgHollg,w)

and hence the kernel of E(Hz,w)Ily is given by

1/ e (e=u),
(27h)2 S () (Il h2m(m)) <o
Now, we compute
1 i
My = (2h>2/ e 00 dg.
T

So that
(E(Ha,w)1gog,, [1504,)

- iy | o
(27h)S J1gmy(n2+h2mn) <w Jeea

1 i
_ 7 (z=z0m)=(2=20.C)) dord( d
(27rh)4/ (77)(\77|2+h2m(77) w/ge@/ e rdedn

h

/ / # (2~ Yy Hy=20,8) = (=20,0) gy dyd¢dédn
Cev

RN ]
~ @rh)? Jo <o '

and the claim follows since f|z0| <p ldzg = TR?.

Now, to understand Ng(Hz,w), we conjugate by the Fourier transform. In particular

Hy = FHF ' = € + h’m(€) + F > Opu(en(n)e™™)F .

We next show that the last operator on the right hand side nearly acts as a shift
Lemma 6.2. The kernel, K(£,1) of FOpp(e,e™*1)F is given by

en(§ —nhG)o(n — & + nhey).
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Proof. We have

4

K. i ] o) H@—y. O+, (¢)e's @) dudydC

e (C=EthGera)tyn—Crhied o () drdydC

%((yﬁ &+hner)) n(&—h%el)dy

\\\

—

27Th)2
= en(§ — hGe1)d(n — & + hney).

Now, we write 1, Hs1y5 as a direct integral

To realize this, we let I := {|¢;| < Mh®} and U : L*[R x I) — L*(R;L?([0,h])"), where
N = [Mh#~'] with

[U(k,&)flj = f(k+jh, &)

and adjoint

[U*g](&1,&2) = g(&1 — §(&1), 5(&1), &2),

where
§(&)={j : & € jh+[0,h)}.
One can then check that U is unitary and
Uk, &)1pHolgu = Hy(k, &)U (k, &)u,
where Hy(k, &) is the 2N x 2N matrix
&1+ diag(k + jh)® + hPe;_j(k + 5Lh, &)

Lemma 6.3. We have

h
Ny(Hy,w) = (27rlh>2 / /0 tr(E(Hzp(k, &), w))dkdé,
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Proof. Now, let zg € R?, put z := zg + se;

1 2mh
h (E(Hy,w) gy, , Hpdy,)
0
1 2mh 5 ; ;
= (27Th)3/0 (E(LaHalp,w)1z(§)e 765 15(6)ew6%))
1 2mh ; .
N / (E(Hgp(k, &), w)Ulp(&)e n&m) Uly(€)e n &), vds

27h | |
Hap(k, ), )il (k + jh, &)e” 7 (i) (@o)its)

1y(k + th, gQ)ez (k+R)((@0)1+5) gldg d s

1 h ) |
- (27rh)2//o ;<E(H%(kaf2)a@)jjlﬁ(k + jh, &)dkdEy

h
:mlh)Q / /0 tr(B(Hp(k, €2), ) )dhds.
OJ

Now, we crucially use monotonicity of H, #(k,&2) as a function of & for & near 1. Indeed,
observe that

tr(E(Hzp(k, &),w)) = #{\ € Spec(Hz(k, &2)) : A < w}.

But, since ﬁ@(k},fg) is monotone, all of its eigenvalues are and hence, letting :tT]-i(k’) be the
unique solution near & = 4+/w such that

N (B (k, £75(R))) = w,

we have X
— 1 +
%h // tr(E(Hgp(k, &), w))dkdés = ;(27#1)2/0 7 (k) dk.

Now, let v1 := {|z F Vw| < ro} with rp < 1 and counter-clockwise orientation observe that
the number of zeros of f(z,k,w) := (det Hyx(k, z) — w) inside ~ is given by

#(fov+) = ! f/(z)dz

2mi /., f(2)

- = truff@(k:, ) (Halh, 2) — w)~Ada
211 v

= — [ tr(22] + O(R* ™)) (22T + O(h*™ %) — w)ldz
27 v

=5 tr221(2% —w)"ldz + O(h*~%) = 2N,
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since the integral is integer valued. In particular, the only zeros of f inside vy are the 2N zeros
on the real axis. Let Eg(k,2) := Hyp(k,z) — 221. Then we have

S =5 / = (det Hop(k, 2) = w)'(det Hia(h, 2) — w)'dz

1
= — [ £tr(2221 + 2E(k, 2))(2*] + Eg(k, 2) — w) " ldz
211 it ’
1
= — +tr(22%1 + 2E5(k, 2)) (22 — W) M I + (22 — w) ' Eg(k, 2)) " ldz
211 vt
1
=5 +t1(22°T + 2B (k, 2)) Y (1) (2 = V) Nz + Vw) T Egp(k, 2)'dz
e Y+ 7
1 d
=+ = tr(282] + &E(k, —1)4(& + B L (k, &) .
Zé: 7l del r(2651 + §2E5 (K, £2))(—1) (&2 + Vw) LA

Hence, since the right-hand side has a complete asymptotic expansion in h with coefficients that
are smooth functions of &, the proof is complete.
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