B3D Handout 10: Laplacian in Operator Form.

We will use operator notation to prove the form of the Laplacian V2 in plane polar coordinates.

Remember the extended chain rule: if x = x(s,t) and y = y(s,t), and we have a function f(z,y) so that

F(s,t) = f(2(s,1),y(s,1))
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In plane polar coordinates, let us use s for r and ¢ for 6:
T = scost y = ssint
then the extended chain rule gives us
Dy = costD, +sintD,
Dy = —ssintD, 4+ scostD,.

We will start from the standard form:
1o (ofy, 10°f
ror " or r2 902

which gives us the linear operator
) 1 1,
Now we can look at the individual terms:

1 1
—Dy(sDs;) = —[costD, +sintDy](s[costD, + sintD,])
s s :
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= 3_2<wa +yDy)(xDy + yDy)
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= S—2x(DI +aD2 +yD,D,) + S—Qy(a:DwDy + Dy +yD3)
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2 (Z(DJ + ID;% +yDyDy) + y(xDy Dy + Dy + yD;))

1
= (2D, + yDy + 2°D2 + 22yD, D, + y* D)

and from the second part,
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D} = —[-ssintD, +scostD,|[~ssintD, + scostD,]
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= _2[_3/D$ + 2Dy|[~yDy + 2D,y
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= —l-yD} + D, +aD,D,] + Sa[-Dy —yD,D, +aDj]
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- 5 (yzDg —yD, — xyD,D, — D, — xyD,D, -‘erD;)
1
= = (-2D; —yD, +y*D} — 22yD, D, +D})

Finally we add the two terms:
1
L = = (2D.+yD,+1*D%+20yD,D, +y*D} — aD, — yD, +y* D2 — 2ayD, D, +2°D})
1
= S (P +yA)D2 + (@ + DY)

1
= F(¥Di+s°D)) = Di+ Dy =V’

so we have confirmed the form of V2 just as we did before.
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