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The Fisher cluster model provides a phenomenological description of the populations of molecular
clusters in a vapor. However, it was not designed for use at all cluster sizes, including monomers,
although this is often assumed to be the case when constructing models of droplet nucleation. In
order to study the accuracy of this assumption, a set of models is constructed in which,
progressively, the monomer, dimer, and trimer populations are described using empirical virial
coefficients, while the Fisher model accounts for higher clusters. The models are used to study the
populations at the critical temperature, which is an important reference point for model
parametrisation. Remarkably, the cluster populations are little changed by altering the crossover
point between the virial and Fisher expressions, and furthermore, the original Fisher model provides
a reasonable description even for monomers, as desired. The model is extended in one of a number
of possible ways to describe cluster populations at temperatures below the critical point with less
success: the Fisher model can then no longer account for the whole size distributiddt®97©
American Institute of Physic§S0021-9607)50323-(

I. INTRODUCTION ciple, to calculate the decay rates from first principles. Typi-
cally, this would involve atomistic modeling with varying

The theory of the nucleation of a phase transition re-degrees of sophistication. However, making a connection be-
mains an unsolved problem in spite of seventy years ofween cluster decay and the fundamental interactions be-
effort>? The classic example of the phenomenon is theween molecules is difficult, even if the cluster definition is
nucleation of liquid droplets from a supersaturated vaporsound, since the molecular interactions are not usually
Although the most stable thermodynamic state of the systerknown to high enough precision. An approximate calculation
under such circumstances is the bulk condensed phase, itiis likely to be inadequate since the rate of nucleation turns
possible to prepare a supersaturated vapor in practice bgut to be extremely sensitive to the cluster decay rates.
cause it is stable with respect to small molecular clusters of  Alternatively, the decay rates can be calculated by con-
the condensate. Since it is only by the nucleation and growtBidering a system of clusters in quasi-equilibrium with one
of these small clusters that a bulk condensate can be formegiher under the prevailing conditions. The steady state popu-
the system is held in the metastable vapor state by a kinetigtions are taken to result from a competition between the
barrier. Analogous barriers impede other phase changes sugfhetic rates of growth and decay of each cluster size. Since
as the freeZing of a |IqUId and transformations in the Solidgas kinetic theory provides the growth rateS, the quasi-
state. For a review, see Ref. 3. equilibrium populations can be used to determine the decay

The stability of small clusters of a new phase thereforgates by detailed balance, and the population dynamics equa-
holds the key to the description of nucleation phenomenaions can then be solved to calculate the rate of nucleation of
This is traditionally studied by means of rate equations detarge, stable clustefs.
scribing growth and decay amongst cluster populations. The These quasi-equilibrium populations have traditionally
clusters envisaged are long-lived on the timescale of moleclyseen calculated from the thermodynamics or statistical me-
lar motions within the cluster. They are energetically boundchanics of clusters. The populations are usually expressed in
together. On shorter timescales unbound associations of MQsrms of a free energy of cluster formation. This is related to
ecules might occur which do not qualify as clusters as dey partition function which involves an integral over all con-
fined in the population dynamics. This point is important igyrations of the molecules in the system. This can be recast
since a clear idea of what constitutes a cluster is needed i} terms of cluster configurations, according to some defini-
o.rder to calculate rates of growth and decay from first prin+ion of 4 cluster, as long as care is exercised to avoid the
ciples. . o overcounting of configurations.

Cluster growth rates are determined by the collision rates However, attempts to relate this formalism to the ther-
betwegn different species, assuming every collision Ieads tﬁ‘mdynamic properties of liquid dropleahich are known,
accretion. These rates can be palt_:ulated from gas kinetig; |aast for large dropletsre plagued by problems involving
theory. The key unknown quantity is the rate of decay Ofihe correct counting of degrees of freedom. The central dif-
clusters by the emission of smaller clusters, or more usually,ry seems to be to choose a cluster definition in the sta-
single molecules or monomers. It is also possible, in prinyistical mechanics which is consistent with the concept of a
physical droplet. An equivalent statement of the problem is
dElectronic mail: i.ford@ucl.ac.uk that the degrees of freedom of a cluster in the ensemble are
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not properly represented using the traditional surface fredd. HISTORY OF THE FISHER MODEL

energy term. It is not at all clear what should represent the i .

remaining degrees of freedom, which include translation and 1 ne Fisher model was originally proposed for two pur-
rotation. Corrections have been suggested, which include dioses, namely the study qf vapor °°”der_‘?a“°” and the de-
the so-callecreplacementree energy, but there is no con- scription of scaling behavior near the critical pothtThe

sensus about the form that this should take. Discussion ()qu(is)er: SVF\)/?](ZEeif] ?r?e?rggllygcﬁ:Iift())rrirl?rrl:oz;ttgetecrlrlljS;?zrit;lrze?hdelSm-
this point has continued for over 30 ye4rS.These difficul- : q P ’

. ; . number of clusters per unit volume consisting eionomers
ties have prevented an unambiguous theory from emerging, : S

. . . f the condensible substance is given by
An alternative line of approach has involved the con-
struction of phenomenological models of quasi-equilibrium  n;=ng exp(—AG; /kT), (8]
cluster size distributions. These are employed in the mannerherek is Boltzmann's constant and the exponent. which
described above to determine the decay rates and hence tﬁea be treated as a free energy of cluster forrrr)1ation ,is iven
stability of the clusters. However, instead of attempting to, y oy 159
derive the quasi-equilibrium populations from fundamental
statistical mechanics, a model is used which contains fitting . ]
parameters which are chosen to reproduce a variety of AGi/KT=0i+7Ini=In
known vapor properties. The free energy expression used in . . ) ]
the model will implicitly represent the available degrees of!n Ed. (1), ns is the total density of clusters, including all
freedom. sizes, in the saturated vapor, apdis the pressure of the

Developments of this idea have been popular in recentaturated vapor; that which is in equilibrium with a plane
years. This may partly be due to the ease with which preO"C_surface of the condensate at a given temperature. It is given

tions of observable properties can be made, and the avoi&’-y ps; nskT, i,f inter-zcluster inFera(I:tiggs are tr:eglgctet(ij.
ance of the theoretical difficulties mentioned above, while 1 N€ t€rm in Eq(2) proportional to® may be viewed as

retaining some element of the underlying statistical mechan?® surface free energy, while the other two can be associated

ics. However, perhaps the most important factor in accoun with entropic contributions, including the introduction of a

ing for the activity in this area was the success achieved b%?F:Laecﬁrn;te?rfsiffcgnﬂgzajvze Slir?hrget?gsgs’;?:?azeare is to
the model proposed by Dillmann and Meledsing nothing ' brop 9y

o . choose them to ensure that the model correctly reproduces
more than the observed vapor critical properties and the sec- . g
. - nown properties of clusters and vapors. This is what makes
ond virial coefficient, the model seemed to account for ob- .
d leati ; ith diustabl i Ththe theory phenomenological.
served nucleation rates, with no adjustable parameters. 1his S, is the supersaturation in the monomer density and is

;:JCC;SS v)\;gasbt(:mpere(jj sorlnewhatt byhnecesbsary FEVISIONS tQen byS;=n,/n3, with n] the monomer population when
€ theory, but new developments nave been proposeqy,, vapor is saturated at the given temperature. At low tem-

which seem to offer successful predictions once agéain. é)eraturessl is equal to the usual vapor supersaturatin

The models are in the main based upon the Fisher clust L 0/p,, wherep is the actual vapor pressure, but at high

modeil_lwhlch was introduced in 1967 in order to explain the yo j\eratyres, particularly close to the critical point, the dif-
behavior of vapors near their critical point. A history of the ference betweerS and S, is important, as was noted
use of this model for describing cluster populations andrecently.lz
nucleation rates is given in Sec. Il. An often neglected point  Eisher used his model to prove the existence of a singu-
is that the model was originally derived and intended for USggyity at the coexistence point on the model isotherm, which
only for large clusters. In spite of this, the model has beerjgnals the onset of the condensation phase transition without
used to describe small clusters including monomers anghference to a Maxwell construction across a van der Waals-
dimers. There is some doubt as to whether this can be just{ype loop. This picture was later revised slightly when addi-
fied, but there is nevertheless evidence that the extrapolatiGfhna| effects were taken into accodnt.
is reasonably successful. However, the focus of Fisher's attention was scaling
This puzzle has been the principal motivation for thispear the critical point. In this region of the phase diagram a
work. In order to resolve it, a more acceptable description ofumber of physical phenomena are controlled by the popu-
small clusters has been introduced into the phenomenologjations of large clusters, in particular the manner in which
cal framework to produce a set of so-called virial/Fisheryarious quantities such as the specific heat diverge. Large
models. This is described in Sec. Ill. The error introduced bytlusters assume an important role near the critical point since
extrapolating Fisher's expression to monomers can then bgeir relative proportion in the mixture rises due to a reduc-
examined, particularly at the critical point, which is a com-tion in the surface free energy with temperature. Fisher
mon reference point for many phenomenological models. Ishowed that critical scaling was brought about by the tem-
is also possible to study the new class of models at loweperature dependence of tkketerm, which vanishes linearly
temperatures, which is discussed in Sec. IV. This would bé&s T approaches the critical temperatufe, and that the
more relevant to nucleation studies. The validity of Fisher'sterms in Eq.(2) were the minimum required to account for
expression for all cluster sizes is then discussed in Sec. \the behavior of the vapor pressure, density, and specific heat.
and conclusions reached. He showed that observed scaling exponents could be repro-
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duced by usingr~2/3 andm==2.2 (in three dimensionsThe  Z. to fit the value ofr using Eq.(5) and showed that it was
phenomenological character of the model is reflected by thelose to the value required by Fisher's analysis of critical
fitting of these parameters to experiment. exponents.

However, the form proposed by Fisher fgrin Egs.(1) The next step was to use the model to study nucleation
and (2) is justified theoretically only for large values bff! ~ phenomena away from the critical point. This was carried
This was ideal for the purpose of studying critical diver- out by Kianget al® and later by Hamillet al® In these
gences, but it is rarely emphasized that the Fisher model hdeeatments, the parameté was chosen such that the low
no clear foundation for application at low valuesiofUn-  temperature imperfect properties of the vapor were repro-
fortunately, the theory of homogeneous nucleation typicallyduced. This was equivalent to introducing a size independent
requires a detailed knowledge of the populations of clustermicroscopic surface energy and relating it to the low tem-
of only a few tens of monomers, a range where the validityperature second virial coefficient of the vapor. The parameter
of the Fisher model is suspect. 0o Was obtained from a critical point parameter such as the

The extension of the model down to small clusters ismolecular density:
comparable to the capillarity approximation of classical
nucleation theory, according to which small clusters are con- pc=0of(7—1). (6)

sidered to be liquid spheres with densities and surface ener- Another development was to use the extrapolated Fisher

gies equal to those of the bulk condensate. This approximg;,je| t represent the equation of state of vapor for the full

tion s quite F'gh“y viewed as unsatisfactory. l—]owevgr, therange of temperatures between the triple point and the criti-
use of the Fisher model for monomers and dimers is evef, point!?

more dangerous since these populations have an important 1, step taken by Dillmann and Meiewhich reignited

effect on the param_et_rlzatlon of the model, and hence thfhterest in the Fisher cluster model, was to extend the theory
nucleation rate predictions. _ further, once again imposing upon the model a consistency

In spite of this lack of a firm foundation, models have i onserved cluster properties. For large cluster sizes, and
been constructed involving such an extrapolation of thqor temperatures well below the critical temperature, the free

F!sherlznodel down to monomers. One of the earhe;t, due tgnergy of formation should tend towards that of a macro-
Kiang, proposed that Eqs1) and(2) are valid for alli, so .o jiquid drop. That is, for large © should approach
that the vapor pressure is given by A17./(kT), whereA,i?? is the surface area of a spherical
- droplet containing monomers at the bulk liquid density, and
p= S kT 3) v IS the surface tension of a planar interface. In order that
= this should be consistent with tit&chosen by Kiangt al®
and Hamillet al.*®i.e., with the low temperature equation of

and the number of molecules per unit volume is state,© has to be size dependent. Dillmann and Meier wrote
> 0= kiAry.[(KT), (7)
= in;, 4 . : :
P izl ' @ where k; is a set of unknown correction factors. Again as-

suming that the Fisher model can be applied to all cluster
with n; given by Egs(1) and(2). Note that it is assumed that sizes, the lowest fewk; can be related to terms in a virial
the clusters are noninteracting, so that each population makexpansion in order to reproduce the low temperature imper-
a contribution towards the vapor pressure according to Dalfect vapor behavior. To describe higher, Dillmann and
ton’s law. Kiang then showed that the observed compressveier suggested the ansatz:
ibility factors at the critical poinZ.=p./(p:KT.) (Where the B 1 o
suffix denotes critical propertigsvere, for a wide range of Ki=ltagl  Hasl ®)

substances, consistent with the form The coefficientsx; and @, can be found in terms of; and

- - K, and hence virial coefficients. The form of this ansatz was
N o S (r=1)_ _ motivated by demanding that the model should be consistent
ZC_; ! 21 TE= L), © with another cluster property: the curvature dependence of
the bulk surface tension as derived in classical thermody-
using the value~2.2 obtained from scaling propertieg§s)  namics by Tolmar®
is the Riemann zeta function. Equati@®) is obtained from Actually, it is another gross assumption that the Tolman
Egs. (1)—(4) by setting©=0, which is the defining charac- form (in fact a truncated expansion of the Tolman expres-
teristic of the critical point, ang,, p., andT, are the pres- sion) should apply for all cluster sizes including monomers.
sure, molecular density, and temperature of the vapor, rePerhaps it is better to consider the Dillmann—Meier free en-
spectively, at the critical point. Although Kiang expressedergy to be a general expansion iff>. Nevertheless, the
some doubt that the Fisher model was really valid at suclillmann—Meier model was found to provide excellent fits
low i, the agreement between experimental values.acdnd  to experimental data, with all the model parameters deter-
the model predictions was a powerful inducement to accepiined by measured experimental information. Interest in
the hypothesidMore precisely, Kiang used the experimental Fisher-based phenomenological models was thus kindled.
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Some revisions of the Dillmann—Meier theory were nec-the predictions are to the choice of when to switch between
essary to overcome an internal inconsisteéhand the re-  descriptions.
vised predictions agreed less well with the experiment. How-
ever, there have been further developments of the model
which have restored a fair degree of agreement, including thg& virial branch
introductiorY of a temperature dependent exponentto ]
make sure that both the critical and low temperature surface  First, we refer to SalfZ who showed how a cluster
area scaling behavior are reproduced. Another approach w&scdel could be related to a virial expansion. It is important
to maker a free parameter at temperatures away from thd© note here that a direct relation between populations of real,
critical point'® A further development by Kalikmanov and Physical clusters and virial coefficients is valid only if we
van Dongel s to sete, =0 (this term can be absorbed into aSSume the intermolecular interaction to be strong a_nd sho_rt
go anyway but to choosex; such that the saturated vapor fange. In other wo_rds, we assume the clusters con5|dere_d in
pressurep, at any temperature is reproduced by the model.th? r.nodell do not interact ywth each othe_r. As noted earlier,
The Dillmann—Meier model reproduced only the low tem- this is an |mpI|(_:|t assumption of all the Flsher quels: each
perature vapor pressutby fitting to the first two virial co- clus.ter population is assumed to contribute an independent
efficients: a fit to pg is an attempt to match all the virial Partial pressure to the total vapor pressisee Eqs(3) and
coefficients, at vapor-liquid coexistence. In this sense, thé¥] without interactions between them being taken into ac-
Kalikmanov—van Dongen theory should approach ttee ~ count. Therefore consistency within the modsguiresus to
vised Dillmann—Meier theory at low temperature, but ought Make the connection between measured virial coefficients

to provide a better description at highgr and the cluster populations.
All these models are based on the assumption that a We write the cluster populations in the general form:
single analytic expression can model the cluster populations N, = ngB; '1 (9)

for all sizes. At the critical point, the models are identical to ) ] ]

those studied by Fish¥rand Kiang* since ©=0. There- SO thatg; is the fraction ofi-clusters in the vapour at coex-
fore, a study of the validity of the Fisher model at the critical IStence, as a proportion of all the clusters present. The es-
point is relevant to the whole class of models. This is theSence of the virial/Fisher approach is summed up in the fol-
main purpose of the present article, which will be developedoWing normalization condition:

in Sec. lll. o N N w _
1:2 BiZE ,B;lmal-i- E Brlsher, (10)
=1 =1 i=N+1
lll. VIRIAL/FISHER MODELS AT THE CRITICAL POINT S . .
indicating that different models are used to describe the clus-
The pattern which emerges from the history given abovder fractions in the small and large size regimes, with a cross-
is one of progressive extension of the Fisher model of nonever size defined &t=N.
interacting clusters to take account of an increasing range of Beginning with the virial branch of the model, we write
experimentally determined vapor and cluster propertiesthe virial expansion in the form
Throughout, however, the assumption is made that the model ®
applies for all cluster sizes. This extrapolation is supported E=kT+E B;p L (11)
. . . 20 . . p 1 !
by indications?° that a complete statistical mechanical de- p i=2

scription of the cluster free energy of formation should in-perep, js theith virial coefficient. We follow SaltZ who
clude logarithmic and constant terms similar to those in Edgphgyed that within a noninteracting cluster model, the fol-
(2), although there is wide variation in the coefficients of lowing relationships hold between the lowest few cluster

such terms between models. More decisively, there is evig, tions(at coexistendeand the first few virial coefficients:
dence that the model is successful in predicting both nucle-

ation rates and vapor properties. A powerful demonstration ~ B4"%=—B,42, (12
of the success and limitations of the original Fisher model viial 1,453 T\ 3
was provided by Binder and Staufféin the context of clus- B3 =2(3B3—B3) By, (13

ter populations in a kinetic Ising model. Cluster distributionsyhere  the dimensionless virial CoefﬁcientSB_i

in saturated and supersaturated states were described well t—lypi{lBi /(kT) have been introduced. It is therefore appar-
the model, but significantly, there were deviations for smallgnt that as long as the virial coefficients are kndwhich is

i, as might be expected. often only true forB, and no furtherthe virial branch of the

~ The description of monomer and dimer populationsmgge| contains one undetermined parameter, nagglythe
within the Fisher model is clearly a matter for concern. Inonomer fraction in the mixture.

this work we examine the consequences of using a virial

expansion to describe the small cluster populations, while

retaining the Fisher expression for larger sizes. Hence thg Fisher branch

models are referred to as virial/Fisher models. We shall ex-"

amine how well the two branches of the modeirial for Turning to the Fisher branch of the model, we find by
smalli, Fisher for large) join together, and how sensitive examining Eq.(2) that
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TABLE |. Parameters and first few cluster fractiofs for various virial/
exp(—7Ini—0i% (14 Fisher models of molecular clusters at the critical pgwith N the highest
cluster size represented by the virial brancompared with those of the
original Fisher model.
and at the critical point, the second term in the exponent

Fisher_ ( ok T

S

vanishes sincé®=0. Since accordance with critical expo- Model do/pe B1 B2 B3

nents requires=2.20762 there remains a single parameter Original Fisher N=0) 01512 06610 01473  0.0612

determining the Fisher branch of the model, nangjy Virial/Fisher N=1 0.1965 05832  0.1858  0.0759
We can now write the normalization condition, Eg0), N=2 0.1996 0.6300 0.1352 0.0771

in a variety of forms, depending on where we switch overN=3 0.2017  0.6416  0.1402  0.0590

from a virial to a Fisher description of the population frac-

tions:

w Fisher-based models reduce to the same form $ihe® by
1=p,+ >, prisher (15)  definition. The conclusions reached under these conditions
i=2 are more general.
Having now derived a class of mixed virial/Fisher mod-

- 5 - Fisher els which can be used to represent vapor properties, we now
:B1_8231+;3 Bi 18 consider the sensitivity of the model to the cluster size at
which the Fisher representation takes over from the virial
_ 1 — * _ description.
=B1-BBi+ 5 (3B3-By)Bi+ 2> B, (17)
= C. Application
where the choice of right hand sides correspondsal, 2, At the critical point, we attach a suffix to various sub-
and 3, respectively. stance properties instead of the suffiused at other tem-

A similar s-erief of expressions can be written for theperatures. We consider water as the prime example, since its
mean cluster size&x;_in; /ns, which is equal to the ratio of - thjrq virial coefficient is fairly well known, at least compared
the molecular density to the total cluster density at coexistyy other materials. For water we haie=0.2297 together

ence. with dimensionless virial coefficientB,=—0.341 andB;
= i % = —0.0988 at the critical point. These virial coefficients are
Ps_ it} =B+ >, iprisher (18)  based on measured values tabulated in Ref. 23. The deduced
Ns  Zi_qN; = parametrization of various virial/Fisher models is shown in

. Table I. The original Fisher mod¢N=0, or equivalently
— . Fi B; given by Eqg.(14) with ©=0 for all i] is parametrized
=P1= 2B+ 2’3 g (19 using7=2.166[based on a fit t&, (Ref. 7] sinceB; is then
determined byg, and is not a free parameter in the model.
— , 3 = — For the other models, the value=2.2076 is used based on
=B12Byf1+ 5 (3B3~B3) 1 critical scaling behavior.
The cluster fractions up to size= 6 are shown in Fig. 1.
O Fisher With the choice of axes made in the figure, the curves for the
+i24 1Bi . (20) larger clusters are straight lines with a constant gradient
equal to— . They differ only to the extent thai, changes
The suffixs denotes the value at saturation, or coexistencefrom model to model. The relatively small changesdg
Equations(15)—(17) and(18)—(20) provide the two con- shown in Table I, in spite of larger changesf@n_s, lead to
ditions which fix the two unknown parameters in the modelsmall differences in cluster fractions in the larger size classes
B, and gy. The ratio ps/ng is simply equal to X, the as the junction between the virial and Fisher branches of the
inverse of the compressibility fact@=p/(pkT) evaluated model is varied.
at vapor saturation. In order to parametrize the model at a Although the lack of information on higher virial coef-
given temperature, one needs information regarding thicients has not allowed an examination of crossovers be-
quantity. It can be obtained from experimental data or emiween descriptions beyond =3, it is not unreasonable to
pirical equations of stat¥.We shall briefly examine the sim- suggest that if the crossover point is moved to larter
plest possible virial/Fisher model for temperatures below thesimilar pictures will emerge.
critical temperature in the next section. However, for now we A similar analysis has been performed for the substance
concentrate on the critical point, since as described in Sec. In-nonane. The input data areZ,=0.256 and
the surface termOi” has been treated in different ways B,=—0.3904/ The second virial coefficient is obtained
within different models, and would introduce too many op-from the correlation given in Ref. 7. In this case, the third
tions for theoretical development. This would confuse thevirial coefficient is not well enough known and so we shall
issue we wish to address, namely whether the Fisher modémit ourselves only to the first two virial/Fisher models
is appropriate for small clusters. At the critical point, all the given by Eqs(15) and(16) and(18) and(19), together with
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0.6 0.6
4 4 N=2 virial/Fisher model
Water
0.3 0.3
C
S ] S 7
- -
154 151
g o1- E o1+
- - 6 -
2 0.06- % 0.06-
-<—-:; 1 | — original Fisher |\ % T —6— methanol
0.03— | —F- N=1 virial/Fisher 0.03— —8-- ethanol
| | = N=2 virial/Fisher . -~ n-propanol
..... +- N=3 virial/Fisher \ﬁ -4+ n-butano!
0.01 - . I . — 0.01- \ | . —
1 2 4 6 1 2 4 6
cluster size cluster size

FIG. 1. Molecular cluster population fractions for water at its critical point FIG. 3. Cluster fractions for thél=2 virial/Fisher model for a number of
according to various virial/Fisher models and the original Fisher model. Thesubstances, using data given in Table Il and Ref. 7.

virial/Fisher models shown differ according to the size at which the descrip-

tion changes from an expression based on a virial series to an expression

based on the Fisher model. The legend indicates the cluster size at which t%mes in the virial branch decrease from substance to sub-

virial description ends. Note that the Fisher prediction is a good approxima- . . . .

tion to the entire size range. stance, the values in the Fisher branch increase to achieve the
correct normalization.

The insensitivity of the cluster fractions to the substance

the predictions of the original Fisher modél € 0) which is studied is a consequence of the relatively small variation in
now characterized by=2.1907 The cluster fractions at the the experimental values of the compressibility factor and the
critical point for this substance are shown in Fig. 2. Thedimensionless virial coefficients at the critical point from
insensitivity to the crossover point is even more pronounce(gq;ubstance to substance. This is, of course, a reflection of the
than was the case for water. success of laws of corresponding states. For example, the

Cluster fractions at the critical point for the substancesvan der_Waals model predicts the critical valugs
methanol, ethanolp-propanol andn-butanol are shown in =0.375, B,=—0.297, andB3=0.0725. The Dieterici im-
Fig. 3 for theN=2 virial/Fisher model. As witm-nonane, perfect gas model suggests the valugs=0.2706, B,=
physical data are taken from Ref. 7. The input data and the-0.406, andB;=0.0730, respectivel§* These values are
derived fitting parameters for this model are given in Tableuniversal to the extent that each law of corresponding states
[l. The size distributions are all fairly smooth at the junction is obeyed, and are not too dissimilar to the values used above
between the two branches of the theory. Note that as th#or the various substances.

Furthermore, it has been found that variations in the
virial coefficients which are presented to the model do not
lead to large variations in fitted parameters, so the models are

0.6 not overly sensitive to experimental errors in the virial coef-
1 n-nonane ficients. S . .
0.3 The major implication of these calculations is that the
s i original Fisher model provides a description of small cluster
b populations which is numerically consistent with a more
g o014 elaborate description based partly on a virial series, at least at
5 7 the critical point.
4 0.06—
2 -
(&
0.03— | — Original Fisher TABLE Il. Compressibility factor and dimensionless second virial coeffi-
| | =8 N=1 virial/Fisher cient at the critical point for various substances, used in calculating the
---¥--- N=2 virial/Fisher cluster fractions shown in Fig. 3, together with fitted paramefgrsand
Jo-
0.01 I T [ T I I —
1 2 4 6 Substance Z B, B1 do/pe
cluster size methanol 0224  —0.3742 0.6164 0.200
ethanol 0.240 —0.3740 0.6316 0.195
FIG. 2. Cluster fractions fon-nonane at its critical point according to the n-propanol 0.253 —0.3665 0.6444 0.191
first two virial/Fisher models and the original Fisher model, using data from n-butanol 0.259 —0.3610 0.6505 0.189

Table Il and Ref. 7.
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TABLE Ill. Compressibility factof and dimensionless virial coefficients of

water at various sub-critical temperatuPes. 10"
Temperature/K Zs B, B 10°—
373 0.9836 —0.0147 —2.17x10°4 c
473 0.9051 —0.0824 -0.011 S 10"
©
3See Ref. 25. © .
Derived from Reference 23. T 1077 N
§J} —— T=473K N=0 N S
@ - = = T=473K N=1 X
73.) 10°H | T=473K N=2 \:\
IV. VIRIAL/FISHER MODELS AT LOW T T
TEMPERATURES 10 M S W
b e T=373K N=2 A\
Finally, we shall construct virial/Fisher models for tem-
ags . . -12
peratures below the critical temperature. This proceeds in 10 ' T L T
exactly the same way as before, using input data for the 1 3 5 79
required temperature, except that the Fisher branch clustel cluster size

fractions are now given by Eq14) with ©+#0. We choose
the exponent of the surface term to be 2/3, so that the newi. 4. Cluster populations for water at two sub-critical temperatures, with

term is proportional to the droplet surface area, i.e., the surface term coefficie? given by Eq.(22), and for a range of virial/
Fisher crossover points.
QOk

S

There are a number of options for fixing the parameler Pansion for small clusters and a Fisher model for larger sizes.

but we choose the simplest prescription, as used in the origit has been possible to examine the sensitivity of the model
nal Fisher cluster model: predictions to the choice of when to swap from one descrip-

tion to the other.
0= 7.A1/(KT). (22) It turns out that at the critical temperature, the model is
This is the Dillmann—Meier prescription, E(), without the ~ not sensitive to the junction position, and furthermore that
correction factorss; . The model is once again illustrated for the original Fisher model then provides a good description of
water. Thermodynamic data are taken from Ref. 7. The comthe entire size distribution, even monomers and dimers. In
pressibility factor for saturated vapd, is calculated using a Fig. 1 the solid line is the original Fisher model for water and
simple empirical equation of state due to Kege3he virial ~ the others are various virial/Fisher model predictions, with
coefficients are taken from Ref. 23, and are shown in Tabléhe crossover point between descriptions varying friim
. The N=0 (original Fishey model once again uses =1 to 3. Similar calculations for various other substances
7=2.166 instead of the value based on scaling behavior. Theepeat this behavior.
cluster fractions at various temperatures as a function of the The implication is that at the critical point, the more
crossover point between branches of the theory are shown glaborate virial/Fisher models proposed here are well ap-
Fig. 4. proximated by the simpler Fisher model based on a single
In this case, we find that,, and therefore the cluster €expression for the cluster populations at all sizes. This is a
fractions along the Fisher branch, depend on the crossovétrprise, not only because the Fisher model was derived for
point between descriptions. For the limited number of crosslarge cluster sizes, as discussed earlier, but also because the
over sizes examined, there does not seem to be convergenggebraic structures of the two branches of the theory are
to a crossover-independent solution. Consequently, the origRuite different. The virial branch is a power seriesgq,
nal Fisher model does not account for the entire size distriwith the density ofi clusters given by’ ; whereas for
bution of clusters with particular success at temperaturethe Fisher branckat the critical poinkthe functional form is
away from the critical point. The original Fisher model nji~". Yet the two branches in Figs. 1-3 have a similar
would not make a successful nucleation theory. slope and axis intercept, when the parameters associated with
Virial/Fisher models might make better nucleation theo-each are adjusted to satisfy experimental data. This need not
ries, but only if the predictions were independent of thehave been the case.
crossover size. The simple surface energy term in(E). Because the Fisher model (accidentally? so success-
does not achieve this, and so more complicated expressioffigl at the critical point, it is no surprise that Kiang’s analysis
would be needed. The drawback is then that insufficient exof critical compressibilities using this model gave encourag-
perimental data may be available to fix its form. ing agreement with the experimefitlt is then difficult not
to suppose that a smooth curve can be used to describe quasi-
equilibrium cluster populations at all temperatures, which is
a fundamental assumption of the phenomenological ap-
We have constructed models of quasi-equilibrium popuproaches. Extended phenomenological models of the Fisher
lations of noninteracting molecular clusters using a virial ex-type, parametrized such that low temperature imperfect gas

Fisher_
i

exp(— 7 Ini—0i%3). (22)

V. CONCLUSIONS
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behavior is reproduce@'°have been used with some suc- about small clusters in the form of virial coefficients, leads to

cess, which is additional support for this view. a model which is numerically quite similar to the original
On the other hand, since the success of the Fisher mod€isher model, at least at the critical point, which is unex-

at the critical point seems to be coincidental to some extenpected. Equivalently, the model predicts virial coefficients

it may be unwise to assume that the model and its derivativefor these conditions with surprising success. For lower tem-

provide a good description of cluster fractions away from theperatures, the agreement is a function of the choice made for

critical point. the surface term in the model. This underlines the relative
These concerns have been investigated by constructingsaiccess of the various derivatives of the basic Fisher model

virial/Fisher model for low temperatures. This can be done ifin nucleation theory.

accurate compressibility factor data are available in order to

fix the parameters. In addition, it is also necessary to decid@ ckNOWLEDGMENT
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