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Properties of the critical clusters that are instrumental in the nucleation of a first-order phase transition can

be obtained through the analysis of nucleation rate data. The theoretical tools for doing so are known as
nucleation theorems. We consider solid-phase critical clusters forming from a liquid phase, and it is shown
that their size and binding energies can be extracted from data gathered at a range of temperatures and pressures.
Ice crystal nucleation rates described recently are used to study ice clusters containing several hundred water
molecules.

I. Introduction large clusters prefer to grow, as they should do as they acquire

T derstand th " f matt I | more of the bulk characteristics of the new phase. The critical
0 understand the properties of matter on very small SCales, i, o s \yhere the mean rates of decay and growth are equal.

It Is oftenl necessary to devise experiments Wh.'Ch amplllfy Once a critical cluster is formed as a result of stochastic
microscopic effects into effects on scales more readily acceSS|bIef uctuation, it has a high probability of continuing to grow to
to measurement. For example, the presence of nanometer-sizeﬁorm a ma,croscopic “lump” of new phase. Thus, the rate at
paruc_les in the atmosphere can bPT dete_cted by m_ducmg thewhich crystals, for example, are detected in a supercooled liquid
massive condensation of some working fluid onto their surfaces,

Lo . . > is a reflection of the formation rate of critical clusters. The
yielding relatively large droplets which can be detected opti- detected crystals are large, whereas their seeds, the critical
cally. A similar case is the generation of photons in photo- ' '

itinli dth Bles the detecti f clusters, may consist of only a few tens or hundreds of
multiphiers, and there are many exam he detection o molecules. The properties of these clusters may be investigated
trace chemical constituents through chemical amplification.

h leati ¢ h N lificati by measuring the rate of formation of large crystals, and this is
The nucleation of a phase transition is an amplification o amplification process alluded to above.

process. Nucleation is the process by which a metastable state So, if nucleation rates are related to the probability of

relaxes toward its true equilibrium state in the given environ- ¢, mation of critical clusters, then what do they tell us about
ment. For example, a vapor confined to a box and cooled below qir hroperties? The answer to this comes from either a kinetic
its dew point becomes metastable, but cannot easily condensg.qaiment of cluster growth and deédyor more general

'2 the ?bselncelof fore|%n pharucles for wgtt?blebsulrkfacez, S'ncgarguments from thermodynamits!2Both approaches suggest
the molecular clusters that have to form before bulk condensedip 5 the probability of formation of a critical cluster is related

phases can appear are actually less stable tha_n th_e 0ngingy, jts reversible work of formation starting from the original
metastable phase. Hence, they can form only with difficulty, ,hase This in turn is related to thermodynamic properties of
and the condensation is impeded. The_ relative stability of the the cluster, in particular its energy and entropy, as well as its
clusters_depends on the degree of cooling below the dew pointg;, ¢ “\ye shall investigate the work of formation in the next
(or, equivalently, the e'e"a“”.‘ of the vapor pressure above .thesection, develop useful theoretical results from this formulation
saturiateql'vapor pressure). This means thqt to drive the transition, saction Ill, perform an analysis of data for the freezing of
at a significant rate, the temperature sometimes has to be reduceq oar in section IV, and draw conclusions in section V.
well below the dew point.

Similarly, liquids can be supercooled. Pure water can be Il. Work of Cluster Formation
cooled to —45 °C (or les$) before ice begins to form. Again, The work of formation of a cluster of new phase of a given
it is the relative instability of tiny clusters of new phase which size depends on the constraints applied to the original phase. A
causes this phenomenon. Purity of the original phase is the keyconvenient set of constraints for considering the creation of
requirement, and often freezing nucleation experiments are clusters in laboratory experiments is to hold constant the volume,
conducted using finely divided liquids, either as an emufsion temperature, and chemical potential of the system. We consider
or an aerosdt® In this way, trace impurities, which might aid  a permeable box of volumé, which is small enough to make
the freezing process, are confined to a minority of the droplets, the stochastic formation of more than one molecular cluster
and their influence can be minimized. within it extremely unlikely. The box permits the insertion of

It is generally agreed that clusters of the new phase with a material from an external reservoir at a constant chemical
critical size are instrumental in allowing nucleation to take place. potential u. The reservoir also maintains the system at a
The instability of smaller clusters with respect to the bulk temperaturel. The parameters andT are chosen so that the
metastable phase is reflected in their tendency to evaporate rathetrue equilibrium state is the solid phase (labeled “new” for
than to grow. However, this tendency is size dependent, andgenerality) but the system is set up containing the liquid (‘old’)
phase. It remains in metastable equilibrium through the difficulty
T Part of the special issue “Howard Reiss Festschrift”. in creating a critical cluster.
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Figure 1. Formation of a cluster in a system with constant volume,
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the surface phase, also representedoBy, whereo is the

interfacial free energy an#, the surface area of the cluster.
We have created reversibly a cluster of new phase and have

assigned to it (and its surface) a variety of thermodynamic

properties. Note that the volunvg of the new phase is arbitrary

but that surface properties suchaandN; take values to make

AQ independent of where we place the so-called dividing

surface between the phases. The requirement that the position

temperature, and chemical potential. Refer to the text for the meaning of the dividing surface should not affect the thermodynamic

of the symbols.

Now we consider the reversible formation and growth of a

molecular cluster of new phase. Ordering the molecules and

changing the density of the material require mechanical work
to be provided externally (otherwise, the old phase would not
be metastable), and Relébas provided a general formula for
this reversible work for a variety of different sets of constraints.
For our system, the work of formation is

Aw= AE — TAS— uAN 1)

whereAE, AS andAN are, respectively, the changes in internal

properties is an important feature of the Gibbs model.

Having made such a choice and established the thermody-
namic properties of each phase in the model, we now focus on
the critical cluster, which we identify by its property of unstable
equilibrium and, hence, the invariance of the work of formation
under variation of unconstrained variables. These are the
molecular numberhl, andNs and the cluster volumd, «, and
po are held constant. We determine the incrememt@harising
from increments in these three quantities:

4AQ = (1, — )N, + d (9A) + (15 — ) AN,
(pn - po) an +N, d:un + Nsd‘us Vi dpn 5)

energy, entropy, and number of molecules in the system brought

about by the formation of the cluster.
At this point, we introduce the Gibbs model314 of a
cluster: a spherical volume within which the material takes on

By introducing Gibbs-Duhem relations\,, dun
Ns dus = —A, do (at constanl), we get

Vn dpn and

the properties of the bulk new phase. This is surrounded by old AAR = (u, — x) dN, + 0 dA, + (ug — 1) ANy —

phase, again characterized by old phase bulk properties. This

is not at all what a cluster would look like on a microscopic

(pn - po) an (6)

scale, but it is a useful model. The errors in representing the and so by demanding invariance in the form @A Q/dNy)n, v,

properties of the cluster in this way are taken care of by

= 0, etc., for the critical cluster, we obtain the conditipns=

introducing a surface phase with its own thermodynamic u, us= u, andp, — po = o dA/dV,. These are familiar relations
properties. Assuming that the work has created a single Gibbsfor a droplet in chemical and mechanical balance with its
cluster, the changes in system extensive variables are describedurroundings! Denoting the properties of the critical cluster

by
AE=E,+E,+E —E,
AS=§+t§+t§ -5

AN=N,+N;+ N, — N, )

with an asterisk, we can now write the work of formation of
the critical cluster as

AQ* =Fg — uNg — (B — PV ()

Useful relations known as nucleation theorems emerge when
we determine the dependence of this work of formation on the

where suffices n, s, and o label the new, surface, and old phasesexternal constraints, in this ca3eandu.

respectively.E; is the energy of the old phase in the system
after the cluster has been formed, drgis the energy of the

I1l. Nucleation Theorems

old phase in the absence of the cluster. Similar definitions apply The nucleation theorem was known empirica”y for some

to §, and & and toN; and No. The model is illustrated in
Figure 1.

The work of formation is now writteldAw = AQ, whereQ
= E — TS — uN is the grand potential (a thermodynamic
potential which, as Reiss show&demulates the work of
formation for the imposed constraints of constanV andu).
Writing the change irR2 in terms of contributions from each
phase, we have

AQ=F +F,+F,—F,— u(N,+ N+ N, — N,
= (AMnNn - pnvn) + Fs + (/'tN::) - po(V - Vn)) -
(AuNO - pov) - /"(Nn + NS+ N:) - No) (3)

whereF, = E, — TS, etc., andp, andV, are the volume and
pressure of the new phas&Q simplifies to
AQ = (:un - :u)Nn + Qs + (:us - l")Ns - (pn - po)vn 4)

where Qs = Fs — udNs is the grand potential associated with

years before it was derived formally. In 1982, KashcHhiev
presented a phenomenological proof of a general thermodynamic
relationship between the work of formation of a critical cluster
and the size of this cluster. He noted that this relationship, or
“theorem”, is satisfied by the classical theory of nucledtfon
and showed that it leads to a virtually model-independent
relationship between the size of the critical cluster, the nucleation
rate, and the chemical potential difference between the old and
new phases. Anisimov and co-workEralso made use of the
relationship, basing its validity upon the law of mass action. In
1993, Viisanen, Strey, and Rei$&°found that this relationship
held quite generally using a statistical mechanical approach for
single and multicomponent homogeneous vapor condensation.
They noted that the relationship involved the excess in the
number of molecules associated with the critical cluster over
the number that would be present in the absence of a cluster.
Further development was provided by Viisanen, Strey, Laak-
sonen, and Kulmal& Heterogeneous multicomponent droplet
nucleation was later treated by Kashchiéit was Oxtoby and
Kashchie¥! who in 1994 provided the name “nucleation
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theorem” and a rigorous thermodynamic proof. All these and this relation is a key step on the way toward the derivation

developments took place independently of earlier work by of the second nucleation theoréft° Note that it explores the

Hill, 2223 who derived the central relationships in the thermo- full temperature dependence of the nucleation work. The

dynamics of critical cluster formation but apparently did not temperature dependence of the nucleation work which arises

realize their significance regarding the interpretation of experi- from the temperature dependence of the difference in chemical

mental data. Inspired by Hill's work, Fottiderived in 1996 a potential between the old and new phases was explored as a

relationship between the temperature dependence of the nucleconsequence of eq 11 by Kashchfeand Oxtoby and Kash-

ation work and the excess energy of the critical cluster (excesschiev?! Equation 13 also includes any explicit temperature

over the new phase). This result was a consequence of thedependence.

explicit temperature dependence of the nucleation work, rather Let us expressAQ* in terms of the pressure and temperature

than the temperature dependence of the chemical potentialof the metastable phase instead. We have=d—s, dT + v,

difference, which had been explored earfie! This second dpo, and so

nucleation theorem was developed for droplet nucleation from

a single vapdf and then extended to multicomponent vagrs. dAQ* = —(AS* — AN*s)) dT — AN*v,dp,  (14)

Luijten et al?® have gone on to investigate the dependence of

the nucleation work on the total pressure for vapor-droplet Furthermore

systems. AO*
Let us develop the central thermodynamic relationships again. —T2 d(—) = AQ*dT — T dAQ*

Starting from eq 7 and using/d= — S;dT + o dA, + us dNs, T

we obtain = (B = TS — uNg = (P~ PV dT +
dAQ* = —SdT + o dA* + 1 dN? — N —N'du — TS+ & — (N, +N)s,) dT +

Vidp} + Vidp, — (pf — p) AV}, (8) AN“zoT dp, (15)
which simplifies to

72 d(ﬁ) = (E* + E — hy(N: + NY) + p, V) T +

=
AN*,T dp,

and through cancellation and a GibH3uhem relation d =
—S dT + v, dpo, We get

dAQ* =
—(s;+s:—so%’N:)dT—(N:§+N:—%’Nz)du ©
n n

Po
[l - B -
wherep, andp, are the molecular densities in the old and new Pn
phases, respectively, = 1/p, is the volume per molecule in * « _ Poy *
the old phase, and, is the entropy per molecule in the old No + N pnN" o) dT + AN*2,T dp,
phase. This equation is particular to the Gibbs model of a cluster,
but it happens to be more general, as can be seen when it is = (AE* — h,AN*) dT + AN* 4T dp, (16)

written in the following form: ) .
where AE* is the energy gained by the system through the

dAQ* = —AS dT — AN* du (10) creation of the critical cluster, as defined by eq 2, &pd= u
. ) . . + 5T is the enthalpy per molecule of the old phase.
where AS" and AN* (as defined in eq 2) are the additional e final line in eq 16 demonstrates the generality of the

entropy and molecular content that are gained by the systeMyeg it heyond the Gibbs model. We can now write down results
through the rev§r3|ble.form§t|on'of a cnjucal clustgr. We m,ght that are particularly useful for analyzing nucleation rate data
call eq 10 the Hill relation, since it was first established by Hill gathered for a range of temperatures and pressures:
in 19622223 ’

The nucleation theorem follows from eq 10: IAQ*\ _ AN 17)
IAQ* WMo Jr
( ) = —AN* (11)
W T and
Since the rate of nucleatiahis given by*J = Jo exp(—AQ*/ AAQH/T) 1
kT), wherek is Boltzmann’s constant, this corresponds to the (—) =— _z(AE* — h,AN¥) (18)
useful resuf>1821 T In, T
9lnJ alnJ, AN* Equation 17 is simply a restatement of eq 11 and has been
I = It kT (12) derived beforé’14 Similar results regarding the pressure

dependence of nucleation rates have also been proved and

whereJ, is the so-called kinetic prefactor in the nucleation rate. exploited?®and the significance of the pressure dependence was
The dependence of measured isothermal nucleation rates uposPeculated upon some years d4Bquation 18 is new and offers
the chemical potential of the metastable phase therefore givesthe possibility of obtaining information about the excess energy

us the change in molecular content of the system associatedof the critical cluster from knowledge of the temperature
with the creation of a critical cluster. dependence of the nucleation rate of freezing at constant

A further consequence of eq 10 is pressure. It is an analogue of the second nucleation theorem
derived for droplet nucleation from vapo¥st®the difference
(BAQ*) LAY (13) being that in that case the derivative is taken with vapor
0T Ju supersaturation held constant, while in eq 17 it is the pressure.
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Temperature and pressure are convenient control variables 24
for the collection of nucleation rate data for freezing. The 22
mathematical complementarity of eqs 17 and 18 is clear. 20
= 18 {
IV. Data Analysis c,:;n 16
The nucleation rate for freezing can be wri#&#in the form % :: ]
S 124 — 1b
kT . g 10 —_- 10(?Lar
J= Popy exp(—Ag/KT)| exp(—AQ*/KT) (19) g ] N
6 1 \
where h is Planck’s constant andg, is the free energy of 4 , , , . . ,
activation for molecular diffusion in the old phase. The terms 28 230 232 234 236 238 240 242

in square brackets therefore are a representatiody.oThe Temperature / K
temperature and pressure dependenc&gafhas been investi-
gated by Jeffrey and Austiit,and we use their formulation here.
Other parametrizatiofdo not include the pressure dependence
that we need. It turns out that partial derivatives aldmccount 1.6 GPal, i = 0.22 GPal, dkw/p, = —8.8 GPa?, andaki/po
for about 10% of the magnitude of the partial derivatives of In = —0.17 GPaZ The equations provide nucleation rates as a
J, and so it is important to consider them in the analysis. function of temperature and pressure, as illustrated in Figure 2.
We now turn to the freezing data that are to be analyzed. It is straightforward to evaluate the numerical derivatives of
Koop et al33 have recently compiled a range of data for the In J with respect tol andp, and to obtain the critical cluster
freezing of ice from pure water and aqueous solutions of various Properties with the aid of the given properties of water.
salts. They proposed a parametrization for the homogeneous We now need to consider how to present these cluster
freezing rate as a function of the liquid water activity or, Properties. The analysis provida€* and AN*, and these are
equivalently, the liquid water chemical potential. This is Model-independent quantities associated with the formation of
supported by the observation that data for solutions of various the critical cluster. On the other hand, it is illuminating to focus
salts, and at various pressures, collapse onto a single curve oPn the Gibbs model of a cluster and to calculate its size in terms
freezing temperature against activity. Since the chemical of N; andN;. These quantities depend on the position of the
potential of water is known as a function of temperature and dividing surface, but it is possible to choose a position where
pressure, the equations used by Koop &% ptovide the freezing ~ the molecular content of the surface phase is zero. This is the
rate as a function of temperature and pressure, which is justequimolar dividing surfac&4 Then eq 17 give$
what we need. We focus here on the freezing of pure water
and leave for a later study the consideration of ice formation alnJ| _ (9 In J, . ()
from aqueous solutions. o fr \ P Jr MEPSKT
The suggested equation far(in units of cn3 s71) is

Figure 2. Dependence of freezing nucleation rate upon temperature
and pressure, according to the Koop etgarametrization.

(23)

where we have made the approximation that the new phase
density p, (at pressure,) is given by 1/;. We shall refer to
N;, eps as the critical cluster sizé (in molecules).

As for the right-hand side of eq 18, it is convenient to write
the term in brackets in the form

log,od = —906.7+ 85028, — 26924(\a,,)* +
291804\a,)° (20)

whereAa,, = exp@/kT) — &, and

_ 1, 19Ky 5
n= Uwpo_éwpo_6appo_
o

1 19k,
vi(po = 5P~ gap, pﬁ)) (21)
(o]

AE* — AN =B, — (N + No)L + po(Vy — (N + No))
(24)

whereL; = h, — h, is the latent heat of fusion per molecule
andh, andv, are the enthalpy and volume per molecule in the
vi anduy, are the molecular volumes in pure ice and liquid water new phase at the pressyse E; is termed the excess energy,
at zero pressure, respectivels, and «,, are the isothermal  defined by
compressibilities, also at zero pressuig,/po are their partial

derivatives with respect to pressure, amd= exp({uw — ui)/

kT), whereu,, andu; are the chemical potentials of liquid water

E=E+E — (N, + N)e, (25)

and ice, respectively, again at zero pressure.
The properties of water are given by Koop efahs

—6
V= % (—230.76— 0.1478 + 4099.2T + 48.8341 InT)
10°® 3 52
V= N—(19.43— 22x 10°T+1.08x 10 °T)
A

Wi — Wy = NiA(210368+ 131.438 — 3.32373x

10%/T — 41729.1 InT) (22)
all in Sl units, withNa equal to Avogadro’s number, arg, =

wheree, is the energy per molecule in the new phase at pressure
Po- The excess energy is the energy of the cluster minus the
energy the component molecules would have in the bulk new
phase at the same temperature and pressure. The last term in
eq 24 can be neglected, singgu, ~ 1072 kT at room
temperature and pressure for a condensed phase, and because
(N + N7) is less than 19in the calculations to be described
shortly andV;, < (N} + NY)un, the last term is probably no
larger thankT. If we now focus on the cluster defined by the
equimolar dividing surface, then

3InJ _8"130) 1,
(W)po—( T %JrE(EX_I L) (26)
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400 This behavior can be contrasted with the predictions of
Ex . classical nucleation theof.This is based on the Gibbs cluster
Exc . model with a surface tension equal to the plane interface value,
Fxc Qe * chosen here to Béo = 1072 (28 + 0.25( — 273)) J m2
Classical nucleation theory suggests thadllij = — 1670°
w2 (3kT(u — u2)?), whereu® and v, are the chemical potential
T and the molecular volume for the new phase at prespgire
When this expression is inserted into eqs 23 and 26, we obtain
-100 | %ubo critical sizes which are on the order of 100 and excess energies
which are negative, as shown by the points labeled Exc in Figure
-200 : o - o ~ oo 3. ltis hard to see how having a cluster which is more str_ong_ly
Cluster size bound t_han its component mol_ecules would be in bulk ice is
) ) ) ~compatible with the classical picture of the cluster as a scaled
Figure 3. Excess energies and free energies, for clusters of critical y5wn version of a crystal with bulk material properties. It is a

size, extracted from data (Ex and Fx) and calculated from the classical - . .
theory (Exc and Fxc). The temperature ranges from 230 to 240 K. All symptom of the f‘_allure of the classical theory of freezing to
account for experimental data.

energies are shown in units of the latent heat of fusion per molégule X )
evaluated at the appropriate temperature. It is possible to go further and extract the excess free energy

of the critical cluster. We have

300

S40@

200

Energies / latent heat of fusion
8

The temperature derivatives &f are available from the Jeffrey y . .
and Austin parametrizatiéh of Ags and the (temperature —KTIn (JJg) = AQ* = F{ — uNg — (p, — P)V;,
ﬂipr)r:andent) molecular latent heat of fusion of water is obtainable = AF* — 4ANF

= F = (NG + NJAw + po(Vy — (N7 + Nowy)

(27) (28)

whereAu = u — up, with u; again referring to the chemical

and eq 22. Hence, the excess energy of the critical clusterpotential of the new phase at the pressure of the old phase. For
(defined according to the equimolar dividing surface) may be the water datapAu = uw — ui. Also, F; = Fy + F — (N}, +
extracted. It is the cluster energy minus the energy the N)f, with f, equal to the free energy per molecule in the new
component molecules would have in a bulk new phase at the phase at the pressups. It is the excess free energy; the free
same temperature and pressure as the original phase. It is @nergy of the cluster minus the free energy its component
useful quantity to consider since in the limit of large cluster molecules would have in a bulk new phase at the pressure of
size, it may be identified with the surface energy. For smaller the old phase.
clusters, which might not possess any similarity to the bulk  The second line in eq 28 demonstrates the generality of the
condensed phase, it is not so straightforward to identify it. result. The last line, once the final term has been neglected
Nevertheless, it controls the temperature dependence of the(following arguments similar to those used with regard to eq
nucleation rate. 24) and when the equimolar dividing surface has been chosen,

Using the nucleation data and material properties provided s equivalent to the familiar restift
by Koop et af2 and Jeffrey and Austift together with eqs 23
and 26, a plot of excess energy against cluster size can be AQ* =F; —i*Au (29)
constructed, as in Figure 3. The points labeled Ex are the excess
energies, normalized by the molecular latent heat of fukipn  In the classical theory of nucleatioRy would be represented
which is on the order of 0.042 eV. They have been obtained by ¢A,, with o given by the plane surface interfacial free energy
for temperatures in the range 23240 K and for a pressure of and A, by the surface area of a sphere of voluitie,. By
1 Pa. inserting data fod and using the Jeffrey and Austin motlgb

The critical cluster sizes lie in the region of 66800 evaluateJo, eqs 28 and 29 can be used to extract the excess
molecules. Each point corresponds to a critical cluster at a free energy of the critical cluster. These values are plotted in
particular temperature, and this might explain why some clusters Figure 3 and labeled Fx. Once again, the results are satisfac-
do not have a unique excess energy. However, the higher excestory: they lie below the excess energies, implying a positive
energies refer to clusters at lower temperatures, which is perhapsluster excess entrop§ = (E; — F,)/T to be expected of
counterintuitive. Alternatively, the results may be a consequence globular clusters of new phase with disorder at the surface.
of the manner in which the data have been fitted, and the true Furthermore, the excess free energy and the excess entropy both
temperature dependencekfmight be smaller. We shall come  increase with cluster size.
to the possibility of inaccuracies in the fits to data at the end of ~ The same analysis can be done for classical nucleation theory,
this section. In any case, the results certainly suggest that theyielding the excess free energies labeled in Figure 3 as Fxc. In
excess energy for a cluster of about 600 molecules lies in the contrast to the excess energies these are positive. Clearly, the
region of 20Q;. This is very reasonable if one takes the view classical theory implies a negative excess entropy, which again
that the cluster is globular, with the center very much like bulk is rather inconsistent with the classical picture. It is striking,
ice and with about (396)1’3Nﬁ’3 of the molecules residing at the  however, that the excess free energy, when extrapolated up to
surfacel® in a bonding environment halfway between that of the cluster sizes which really appear to be acting as the critical
the ice and water phases. The excess energy would then be aboutuclei, is not dissimilar to the extracted excess free energies
350 x (L#/2) or 1783, in reasonable agreement with the data. labeled Fx. Equivalently, the extracted free energies may be
Furthermore, the excess energy rises with size, which reflectsused to calculate an effective surface tensiga which is
the increase in surface area. compared with the bulk surface tension in Figure 4. This is in

hy = hy= —

(e — 1)IT)
T2( aT )po
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0.04 water. The key eq 10 indicates how the work of formation
depends on the external chemical potential and temperature. The

‘\‘\‘\‘\W dependence on the applied pressure and temperature can then
be expressed in eq 16. The analysis produces information about

the fluctuations in energy and molecular content associated with
the formation of a critical cluster of the new phase within the

o
2
[

Q000 QOO O e}

Surface tension / Jm™
o
5

00 system. These fluctuations have been interpreted using the Gibbs
oo P model of a cluster so tha_t we can deduce the size,_ excess energy,
O Bulk surface tension and free energy of a critical cluster, the one which is equally
likely to grow or to decay in the prevailing conditions.
0.00 : : : . : . We have studied freezing nucleation data parametrized by
=z w0 2 2 /6 23 20 242 Koop et al*® The results of the analysis seem to be physically

Temperature / K reasonable, in that the excess quantities are consistent with a

Figure 4. Effective surface tension which can account for the model of the clusters as compact objects. Thus, a cluster of
nuclea_tion data wh_en used wit_hin the framework_qf the classical theory 600 water molecules has an excess energy of 20Gith an

and with the physical properties of water specified by Koop é¢ al. uncertainty of probably less than 20%, whkyés the molecular

and Jeffrey and Austift Note that the critical clusters used to generate latent heat of fusion, and this is consistent with a roughly

the effective surface tension are larger at the highest and lowest . . . . -
temperatures than at the middle of the range so that the plot reflects aSPherical ice crystallite with about 350 molecules lying at the

possible size dependence as well as temperature dependence. surface. It would be instructive to compare these conclusions
with simulations of water crystallizatioft. In any case, the

5 a0 present analysis offers a unique experimental viewpoint on the
3 v properties of small ice clusters in supercooled water.
] . : v In contrast, the same analysis of rates predicted by the
¥ %001 Tov classical theory of freezing nucleation produces odd features,
; .“ o8 e such as negative excess energies. The classical critical sizes are
2 w0 $e . also far smaller than the critical sizes suggested by the data.
= 8oo © This merely reflects the failure of classical theory to account
) for the rate of homogeneous freezitfgiWe have estimated an
% 100 ° $:;ep:f:$re derivatives Incroased by 10% effective ice-water surface tension which can account for the
@ v Pressure derivatives increased by 10% data, when used in COﬂjUﬂCtiOﬂ with physical data provided by
g . Koop et al®® and Jeffrey and Austit This might be useful
w " 200 400 500 800 1000 for calculations of the freezing of water droplets in the
Cluster size atmospheré?v30’34v3‘.3 . .
Figure 5. Changes in the plot of excess energy against cluster size In ca_refully d_eS|gnefd nucleation experiments, th? rate of
when @ In J/aT),, is multiplied by 1.1 (open circles), or whed [ production of micron-sized crystals, detectable experimentally,
J/apo)r is multiplied by 1.1 (triangles), compared to an unperturbed corresponds to the rate of formation of critical clusters, which
case shown as filled circles. are usually far too small to be seen. Systems with such an

contrast to the rather greater differences between the classicaﬁmp“f'cat'on of a microscopic event are o_ften deliberately
engineered in the laboratory to gain insight into events on the

excess energy and extracted values. Note, however, that the” . ; - ;
effective surface tension might be reflecting a size dependencem'crOSCOp'C.Scal.e' The familiar process of the nucleation of a
as well as the temperature dependence given. The critical sizesDhase transition is a good example of such a system.

in the middle of the temperature range are smaller than those
at the extremities.

There is one more aspect to consider in this analysis, and (%) éitken,”J(.:Trznss.hR- SO?_\-’ EEdianucrjglJJSiQ &0,537_-| A Gal
that is the sensitivity of the results to any inaccuracies that might | G(.; )Parﬁgg%. b Eehsiﬁ?eri aF '(':.;Igu'hr; " P.(;:T?ari"nee'r IhGeo pﬁy";”*
exist either in the Koop et &F fit to the freezing nucleation  Rag1993 98 2897
rate or in the fits to physical data that have been inserted into  (3) Hagen, D. E.; Anderson, R. J.; Kassner, JJLAtmos. Sci1981,
the theoretical formulas. We have examined this in the following 38, 1236. _
simple way. If we multiply the numerical derivatives of h Egg gﬁgﬂg: JH \?é,ro\tﬁlIkéé?ffragiir?aheLLTqr?;gﬁ/lc?ligﬁ;,ghz/ﬁJ]. Phys.
with respect to temperature at constant pressure by a uniformchem. A1999 103 2673.
factor of 1.1, the values of excess energy change by about 20%, (6) Bertram, A. K.; Patterson, D. D.; Sloan, JJJPhys. Cheni.996
as shown in Figure 5 as open circles. Similarly, if we multiply 100 2376. _ o o
the numerical derivatives with respect to pressure at constant, 19%)8 Iiggpégz.i\lg, H. P.; Molina, L. T; Molina, M. 3. Phys. Chem.
temperature by a factor 1.1, then the plot of excess energy (8) Bertram, A. K.; Koop, T.; Molina, L. T.; Molina, M. JJ. Phys.
against size change; to the triangular_poin_ts. We_believe thatChem. '\A/ZOEQ ﬁoﬁ 5821# B Weidinger L Woste. L Leisner. T
such factors overestimate the uncertainty in the fits made by 5ch\(/823||, I?/lr.;lsé:abmcjarte??a.’; Rﬂhl,%rluygéc'hém. %?ghq.'{:h%og b
Koop et al*3 so that our uncertainty in excess energy at a 1407
specific cluster size is within 20%. In light of this, we cannot (10) Ford, 1. J.Phys. Re. E 1997, 56, 5615.
be definite about the apparent variation in cluster excess energy (11) Reiss, HMethods of ThermodynamicBover Publications Inc.:

- . . Mineola, NY, 1996.
with temperature discussed earlier. (12) Landau, L. D.; Lifshitz, E. MStatistical Physic§111; Pergamon:

. London, 1958.
V. Conclusions (13) Ono, S.; Kondo, SHandbuch der Physikol 10, Structure of
. . Liquids Springer-Verlag: Berlin, 1960; p 134.
We have used the thermodynamics of critical cluster forma- —(14) Kashchiev, DNucleation, Basic Theory and Applicatigriutter-

tion to study the properties of small ice clusters in supercooled worth Heinemann: Oxford, 2000.
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