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Abstract. In calculations of the laser-induced ionization of uraniom atoms it is necessary
to average over all phases in the initial multicomponent wavefunction, the components
corresponding to the initially occupied hyperfine states. In practice, however, it has been found
that the results of such a mixed state calculation differ only slightly from those obtained fromt
a pure state calculation, which uses a single initial state with a random choice of phases.
The statistical properties of multidimensional unit vectors ate used to explain this observation,
suggesting that the system is sufficiently complicated that the properties of the eigenvectors
of the Hamiltonian are well represented by an ensemble over all possible orientations. This
supports the use of pure state caiculations in laser isotope separation studies, which offer a large
reduction in the necessary computational effort.

1. Introduction

The separation of the isotopes of urznium has major commercial importance in the nuclear
fuel industry. As is well known, naturally occurring uranium contains only 0.72% of
the fissile 23U isotope, the remainder being mostly the non-fissile and neutron-absorbing
isotope ¥U. The enrichment of the ¥°U fraction is necessary for most current nuclear
reactor designs, and represents a major component of the effort and cost of the production
of nuclear fuel.

Most enrichment is carried out with gas centrifuges or diffusion plants, exploiting the
small difference in the masses of the two isotopes. Since this leads to very small differences
in physical properties such as the diffusion rate, the process necessarily involves cascades
of large numbers of devices in order to produce a significant enrichment. The capital cost
of the ptant involved is large, and more importantly, the energy needed to run the machines
and produce a given enrichment is high. For this reason, alternative methods for separating
the elements of uranium are being studied, notably the use of lasers to induce preferential
ionization of 2°U (see Greenland 1991 for a review).

Laser isotope separation relies on differences between the electronic energy levels of
250 and P*U. These differences are mainly due to the slightly larger nuclear radius for
2381, which means that the electrons see less of the nuclear potential and are consequently
less strongly bound than in 25U, Both the binding energies and the energies of atomic
transitions differ. The situation is complicated by the effect of nuclear spin, which leads
to different hyperfine structures within the spectra of the two isotopes. The nuclear spin of
55U is 1, so that each transition in the 35U spectrum is split into an octet. The nuclear spin
of *8U is zero, however, so the transitions are singlets. In spite of the spreading of the %°U
spectium due to the hyperfine structure, though, the nuclear radius effect is strong enough
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to separate the transitions in 23U from those in Z*U. This is exploited using a laser with a
bandwidth smaller than the frequency separation of the spectra, tuned to excite transitions in
35U but not in 28, A very effective separation of the isotopes is then possible by ionizing
and collecting the **°U ions electromagnetically.

With lasers currently available, it is not possible to ionize the Z°U isotope in a single
step, but instead a multiphoton process is envisaged, involving a ladder of atomic transitions.
These can be arranged linearly, or in more complicated arrangements, depending on the
situation. Possible ladders are illustrated in figure 1. The laser frequencies chosen, and
therefore the route taken by the ladder through the very complicated uranium spectrum
{Ahmad and Pandey 1980), is a matter of great importance. This is because the ionization
depends on the various transition strengths involved. Also, loss of population from the
ladder by spontancous decay to other levels should be minimized. In order to optimize the
choice of ladder, a theoretical description of the ionization process can be very useful. The
problem can be described by a Schrédinger equation for the evolution of a wavefunction
in a space spanned by the N coupled atomic states. The calculation requires a set of
atomic parameters, such as decay rates, coupling strengths to the laser field, and hyperfine
splittings, together with a set of laser parameters, including frequencies, intensities, pulse
shapes, phases and delays. The calculation of ionization yield can then be performed by
simply evolving the atomic system from an initial state through the excitation process.

autoionising
- state

f———
T L

lager 1

ground state

(a) (b)

Figure 1. Ladder schemes for the excitation of uranium. A multiphotor process is envisaged,
involving the sequential excitation of an electron from one (@) or more (b) initial states through
several levels to an autoionizing top level.

Although conceptually straightforward, the calculation is extremely complex, since the
interactions are time dependent and a large number of effects need to be taken into account,
including Doppler broadening and Zeeman splitting. A further complication is the number
of states involved: the ground state of 2**U has an orbital angular momentum J equal
to 6, which together with the nuclear spin 7 of % leads to a multiplicity of the ground
state atomic level of (24 + 1)(27 + 1)=104. For a typical ladder consisting of three laser
frequencies, coupling four atomic levels, this implies the coupling of over 400 states, though
selection rules reduce this estimate to some extent. Numerical evolution of the quantum
mechanical state according to the details of the laser interactions then becomes very time
consuming and costly. It is therefore sensible to look for ways in which the complexity of
the calculation can be reduced, while still retaining a sufficiently realistic description of the
ionization process, A scheme for doing so is examined in this paper.
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An exact quantum mechanical calculation of the excitation process involves taking
an average over all possible initial states, which is known as a mixed state calculation.
However, we have noticed that in our uranium ionization case a pure state calculation,
which is an evolution from a particular initial state, gives results which differ only slightly
from exact computations. This can greatly reduce the scale of the problem. However, the
saving can only be expioited with confidence if the reason for the similarity is understood.
This paper attempts to define the circumstances which lead to similarities in the pure and
mixed state calculations.

An analysis of pure and mixed state calculations for the excitation of uranium is made
in the npext section, using statistical properties of eigenvectors to estimate the different
ionization yields. Section 3 gives an illustration of the possible computational savings and
a summary of the work and conclusions are given in section 4. An appendix describes the
statistics of multidimensional unit vectors.

2. Pure and mixed state calculations

Quantum mechanical calculations starting from either a pure or a mixed initial state are
most easily compared for a simplified case. We consider a situation where the laser fields
are switched on at time ¢ = 0 and operate at constant frequency and amplitude for an
interval T. We neglect transitions to states outside the ladder of atomic levels considered.
The corresponding Hamiltonian in a suitable set of basis states and using the rotating
wave approximation, is real and time independent, and describes all atomic and atom-laser
interactions. The effects of going beyond these assumptions are examined later.

Consider a set of N states coupled by a Hamiltonian H. The system is described by a
normalized N-component wavefunction y,(/ = 1, N). The evolution from an initial state
denoted ¥° is written

¥ = Uy (1
where U is the evolution operator, given by

U = exp(~iH2). ()
If H is time independent, then the matrix elements of U/ are given by

Up = E u:;- exp(—il,-t)ui 3
I

where X; is the ith eigenvalue and uj. is the jth component of the ith eigenvector of H.
The N eigenvectors form an orthogonal set of real unit vectors in N-dimensional space.
The population at time ¢ in the state j is then given by

WO = 33 wubulul, exp (=it — 2)0) iy, @

km il

We shall be interested in the mean population found in a specified subset of states {1}
over the interaction period T. These represent the states from which ionization would occur,
although no losses are vet allowed for in the Hamiltonian. In the limit of very small decay
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rates, the time-integrated population in the j states divided by the lifetime 7 would yield
the fractional ionization. The mean population in the j states is

1 T {1 —exp(=i(di ~2AITNY g 0s
T;fo WiPes =000 wiwinin ( 0 — M)T )‘“"’"‘ ®

Jokm Ll
=22 2wl vt + 303 wiuuj,
o km o i Jokam il
1 —cos(h — AT 0., 08 sin(i, — l;)T On
[ G T MO + R )] ©)

The eigenvalues A; represent oscillation frequencies of population transfer amongst the
states. It is assumed that no two states are exactly degenerate. If many such oscillations
take place during the excitation interval, i.e. (A — A)7 >> 1, then the second sum
in equation (6) can be neglected. (In practice, T is of the order of tens of ns, and the
difference in frequencies a few hundreds of MHz, so that this approximation is reasonable.)
The resulting averaged excited population is time independent, within the approximation
taken, which suggests that an approach using time-independent perturbation theory might
have yielded the same result.

Consider a calculation starting from a situation where population is divided between a
subset {1} of the states. These would correspond to the initially occupied states of the
atom. We shall insist that the j states and the & states are separate subsets of the N coupled
states. Let the initial wavefunction be

Pp = ay explioy) : (N

where the {a,] are a suitably normalized set of amplitudes and the {o;} are a set of phases.
From equation (6), we have to a good approximation,

1 T o .
T E L lfdt =1, = E E E OOty €XP 1 — ) (8)
i J km i

which defines the pure state mean excited population /.

The specified initial population in each of the & states defines the amplitudes a; but the
phases are undetermined. The mixed state calculation performs an average over all possible
phase relationships in the initial state. Thus from equation (8) the mixed state mean excited
population [, is given by

,,,_ZZZaku b %
so that, defining an error £,

L=l +E=I+ ZZZ“"“"’” uku'u cos(a, — ttpy). {10)
k#m i

These results can be applied to the case in question. Exact calculations of the ionization
of a uranium atom require an average over the initial phases in the wavefunction, which
is equivalent to performing separate evolutions of the system starting with all the initial
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population in just one of the k& states. Thus the effort required to perform a mixed state
calculation is nominally N, times that of a pure state calculation, where N is the number
of initially populated % states.

Numerical codes have been written which calculate the ionization of uranium (Lauder
and Greenland 1984) and which can use either pure or mixed state initial conditions. The
pure initial state can have either a particular choice of phases, or a random set. In practice,
it is found that the differences in computed ionization yields differ only slightly in all cases
examined, while there is a large reduction in effort for the pure state calculation compared
with the mixed state, The insensitivity may be partly ascribed to saturation of the ionization
yield: for the laser parameters of interest commercially, each possible excitation route
provides nearly complete ionization, which is therefore insensitive to the choice of initial
conditions. However, even for low ionization rates, well away from optimum conditions,
the differences are small. This suggests that the similarity in the results of the pure and
mixed state calculations is in some way intrinsic to the system, and that a great saving can
be made in calculating ionization yields, at the cost of introducing a small error relative to
the exact calculation. The saving can only be exploited, however, if some estimate of the
likely error can be made.

The result given in equation (10) allows one to discuss the difference, E, between
the pure and mixed state calculations in analytical terms. The expressions deperd on the
orthonormal set of real eigenvectors {#'} of H spanning the N-dimensional space. The
orientation of the eigenvectors in the space depends on the details of the Hamiltonian.
Recall that the system described so far is time independent, so the eigenvectors are fixed
in this space. When time dependence is introduced, they will move as the Hamiltonian
changes. The idea that we shall pursue in the remainder of this section is that a real system
approximates to the average behaviour of an ensemble of randomly oriented eigenvectors
in the N-dimensional space. It is likely that this situation is favoured by an increasing
complexity of the systemm and an increasing dimension N. This hypothesis will lead
to numerical estimates of E which can be be compared against actual pure/mixed state
calculational differences.

Consider the mean properties of a set of random unit vectors in N dimensions, neglecting
the orthogonality requirement. We are interested in the pure and mixed state mean excited
populations {/,) and {f,} respectively, and the statistics of the emor E, obtained by
averaging within such an ensemble. We have

ZZZak u uk (11}

where the subscript N denotes the dimensionality of the eigenvectors. In the appendix it is
shown that for j # &, the moment in equation (11} is given by 1/(N (N + 2)) so that

1
Iny=Y_3 af——r.
{In) ,- kak(N+2) (12)
Similarly, {E} = 0 and

{EZ) = Z: Z Z: afa,f, (u“ufu'z)m COSz(CEk - am)

Jokstm i
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using a result given in the appendix.

Equations (12) and (13) are the basic relations that we use to estimate the error
introduced by a pure state caiculation, but let us first write them in a form more suited
to the calculations with urantum. At present, ionization calculations are required only for
situations where mg, the z component of the total angular momentum F =T+ J,is a
constant of the motion. This leads to a separation of the excitation problem into a number
of parallel ladders, labelled by p, involving a set of coupled hyperfine states with the same
mg. The initia] occupation amplitedes {a;} may be written as (vk/dk)’f‘ where v; is the
fraction of the population initially in the atomic level to which the state £ belongs, and 4,
is the (2J + D{(2I + 1) multiplicity of that level. Then

vkp
ZZZE &, (N, T2 +2) (a4

and

2 vkp Ump 3 2 _
{E Z Z Z: kp dmp (N + 2)(N + 4)(N + 6) Cos (akp aH‘Ip)' (]5)

kp#Emp

where &, etc Iabel the states within each excitation ladder. Equation (14) may be written
v i
Iy = E E — NNy ——— 16
{m} — 4 d! fp t!p(Np+2) ( )

where now the subscripts to v and 4 refer to the atomic level /. Ny, is the number of
(final) j states in the excitation ladder labelled p and Ny, is the number of (initial) £ states
in atomic level { and ladder p. Equation (15) can be similarly rewritien, at the same time
performing a further averaging over the phases {o; }:

vy
=2pr( 5 Nip(Nity — 1)+Z e ,;pN,-np)
r !

n;‘-—l‘
x 3 an
2(Np +2)(Np +4)(Np + 6)
where n and / label atomic levels,

These expressions can be simplified in the case of one initially occupied atomic level,
for which vj=1 and v=0 for ! 5 1. The ratio of expected error to the correct result is

2 -1

((E }) - Z 3Nip(Nip — DNy, Z N,pr,, (18)
(I} > 2Np + 2)(Np + (N, +6) (Np+2)

where we have dropped the / subscript on the N;,. ’I‘lns is the expression we shall use to

estimate the relative error introduced by the pure state calculation.

Table 1 gives a set of multiplicities N, and Ny, for ‘initial’ and ‘final” states respectively
in a set of ladders labelled by different mr for a system of four J = 6 atomic levels with
I = % and linearly polarized lasers (Amr = 0). The states are coupled as in figure
I{a). The total dimensionality N, of each coupled sub-system is also shown, together
with the fractional error for each sub-system and for the whole problem, calculated using
equation (18). The expected difference between the pure and mixed state calculations is
of the order of 2% for this typical system, on the basis of the statistical properties of unit
N-dimensional vectors. In the next section this estimate is compared with some example

numerical calculations, in order to test the hypothesis that the average properties of the
eigenvectors represent the behaviour of real systems.
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Table 1. Properties of ladders of constant 7y for a four-level J =6, | = % system, together
with estimates of differences between pure and mixed state calculations, given by equation (18).

mg Nip Nyp Np Error (%)

-1972 1 1 4 0
—17/2 2 2 8 149
—-15/2 3 3 12 12.7
—1372 4 4 16 10.7
=112 5 5 20 9.2
=972 6 6 24 8.0
-2 7 7 28 7.1
-5/2 8 8 32 6.4
=32 8 8 a2 6.4
-1/2 g 8 32 6.4
1/2 8 8 32 6.4
n 8 8 32 6.4
52 8 8 32 6.4
172 7 7 28 7.1
9/2 6 6 24 8.0
11/2 5 5 20 9.2
1372 4 4 16 10.7
15/2 3 3 12 12.7
1772 2 2 8 14.9

19/2 1 1 4 0
Total 1.87

Tabte 2. Pure and mixed state calculations of ionization yield for the system considered in table
I. The pure state results are obtained using random phases.

Yield

Mixed state 0.3846

Pure state 0.3811
0.4028
0.3849
0.3872
0.3831
0.3909
0.3702
0.3872

Mean 0.3859
Standard deviation 0.0092

3. Numerical examples

We consider a four-level ladder similar to scheme (2) shown in figure 1 with J = & for each
level, and linearly polarized lasers, which separate the problem into 20 separately coupled
sub-systems with constant mp, as described in table 1. Decay from all levels except the
lowest, and time dependent interactions are included. The couplings, hyperfine splittings,
laser detunings, magnetic field and pulse shapes, etc, have been chosen to produce an
ionization yield from the top level in the region of 40%, and do not need to be specified
here.

A mixed state calculation gives the exact ionization yield for the system. On the
other hand, a number of pure state calculations, using phases {o} chosen randomiy from
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a uniform distribution in 0 € o, £ 2w, gives a scatter of results. From these, a mean
and standard deviation can be calculated. Results from this analysis are given in table 2.
The difference between the mixed state yield and a pure state yield based on a randomly
chosen set of phases is clearly small and of about the same size as the error derived in the
previous section. In this particular case the differences are about 2.4%. The mixed state
calculation took 102 CPU s or one processor of a Cray-2 supercomputer, however, while
each pure siate calculation took 42 CPU s. This is a gain of about 2.4 in computation time
which represents a valuable reduction in effort. On scalar machines the acceleration has
been found to be even greater, but the acceleration is not as large as the nominal factor of
8 (the number of injtially populated states) expected from earlier considerations. This is
because the computations involve overheads which are independent of whether a pure or a
mixed initial state is used, so that the gain will necessarily fall short of this maximum.

4, Discossion and conclusions

The task of calculating the ionization yield due to the multiphoton excitation of a complicated
atom such as uranium is made much easier by using a pure state rather than a mixed state
for the initial condition. The mixed state calculation is more precise since it performs
an average over ail possible phase differences between the components of the initial
wavefunction. These components correspond to various hyperfine states in the initially
populated atomic levels. A pure state calculation is based on a particular set of phases, and
involves less computational effort since an averaging procedure is not necessary. In practice,
we have found that the ionization yields resulting from pure and mixed state calculations
are quite similar, becoming more so with more complicated systems and larger fractional
ionizations, We have suggested that this similarity may be understood by considering the
average properties of the eigenvectors of the Hamiltonian, This is equivalent to calculating
the excitation of a system using all possible orientations of the eigenvectors, and taking
averages.

Using the statistical properties of muitidimensional unit vectors, the expected error
introduced by the pure state calculation has been estimated. This estimate gives the correct
magnitudes of deviations between the two cases found in an example calcuiation. Aithough
the ionization yields themselves are not accounted for numerically by the calculations based
on the eigenvector ensemble, the relative magnitudes of the pure and mixed calculations
are, which makes the approach useful. Pure state calculations can now be accompanied by
an estimate of the probable deviation from the exact mixed state result.

A number of details of the analysis need to be considered. In the development in
section 2, The Hamiltonian was taken to be time independent and decay to states outside the
ladder was neglected. These assumptions need not invalidate the development if population
changes between levels occur on a faster timescale than either of these effects, which will
almost always apply. Furthermore, population oscillations typically take place over periods
much shorter than the puise length, so the neglect of the i # [ terms in equation (6) is
justified. The assumption that there is no degeneracy within the set of eigenvalues will
probably hold when considering a complicated system with many interactions.

We conclude that the laser-induced ionization yield of 25U is insensitive to the choice
of phases in the initial state, for conditions of interest in laser isotope separation, and that
this can be exploited to reduce the effort necessary in performing calculations. The reason
for the insensitivity is that the system is sufficiently complicated that the properties of the
eigenvectors of the Hamiltonian can be represented by those of an ensemble. It would be of
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interest to study other systems in order to determine what particular features are important
in bringing about this insensitivity.
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Appendix

We here describe the statistics of a unit vector in N dimensions. The probability distribution
of the components {x;] of the vector is

s (st -1)
fé‘(Z?’:lx,- “]) I"I?lex:'

The delta function ensures that the vector has unit length and the probability distribution is
comrectly normalized. The second moment of the /th component of the vector is

px;]) =

[ 8 (12 = 1) 1L, on
fﬁ( el:_ )H;-—-ldxa
1 [ 33( :—113—1)]—[?’:&&

N f&( :lx_l)].—.[:tldxi
1

N

iy =

since for any y, y8(y — 1) can be replaced by §(y — 1) within an integral. The subscript N
on the expectation value denotes the dimensionality of the vector,
Also, for N = 4,

TS darards2 2 8 (LI ok 42~ 1)

{x7)
ST T dnrdrag 3(2,,13x2+r2—1)
{xZx)n-2 .
B (x2n-2 el

where r2drdSQ is the volume element involved in the integration over the three components
(Xn—2, XN-1, XN), With j € N =3, Therefore

1

(x-x)N m i, N22
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Now, the fourth moment of x; can be written

o _ 1 = 4
{xg)N—'N (Z-‘,)N

_io_Nw—n)
TN NN +2)
TNN+2D

using previous results. Higher moments can be calculated by similar means. In particular,
we write, for N > 4

ST dordrde 5(2” Pa? 4 —1)

(o
N T derardar s(TiS 7 +r2- 1)
v o
(x,-z)Nwz ekl
So
3
4.2, _
{x/xfin = NN TN

The previous step can be repeated:

S dxrzdrdﬂx“sz(ZN a4t —1)

bl = ITI fderdrdm(z Y242 - 1) for N2>
= L{;%ii it Ak
s0 that
Y = 2)(N3+ DN +6)

which is the highest moment required here, However, it is possible to continue the procedure
to obtain all the moments.
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