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Abstract

We report the calculation of a six-dimensional CCSD(T)/aug-cc-pVQZ potential energy surface for the electronic ground state of
NHþ3 together with the corresponding CCSD(T)/aug-cc-pVTZ dipole moment and polarizability surface of 14NHþ3 . These electronic
properties have been computed on a large grid of molecular geometries. A number of newly calculated band centers are presented along
with the associated electric-dipole transition moments. We further report the first calculation of vibrational matrix elements of the polar-
izability tensor components for 14NHþ3 ; these matrix elements determine the intensities of Raman transitions. In addition, the rovibra-
tional absorption spectra of the m2, m3, m4, 2m2 � m2, and m2 þ m3 � m2 bands have been simulated.
� 2008 Elsevier B.V. All rights reserved.
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1. Introduction

Thus far, there have been only few experimental, high-
resolution spectroscopic studies of the ammonia cation
NHþ3 . The experimental observations are limited to the
infrared absorption bands m3, m2, and m2 ! 2m2, m2 ! m2þ
m3 [1–3]. At low resolution, the 14NHþ3 ion has been studied
by photoelectron and photoionization spectroscopy [4–15].
Further, the infrared spectrum of NHþ3 , trapped in a solid
neon matrix, has been recorded [16]. To the best of our
knowledge, no observation of the NHþ3 Raman spectrum
has been reported.
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Theoretical studies of NHþ3 are more abundant: a num-
ber of ab initio calculations have been done [17–25] to pro-
vide theoretical information and encourage experimental
work. Considering only the variation of the two vibrational
coordinates that describe the ion as having structures of
C3v geometrical symmetry (see for example, Ref. [26,27]),
Botschwina [18–20] obtained a two-dimensional ab initio

potential energy surface (PES) and the corresponding
electric-dipole moment surface (DMS) with the coupled
electron-pair approximation (CEPA) method [28]. With
this ab initio information, he predicted many vibrational
term values and relative infrared intensities [18–20] with
an accuracy equaling that of present-day calculations.
Špirko and Kraemer [21,22] calculated full-dimensional
ab initio PESs at different levels of theory and a corre-
sponding DMS was reported by Pracna et al. [23]. These
authors used their DMS, together with a PES from Špirko
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and Kraemer [21,22], for computing rovibrational energy
levels and line strengths. In that work, special attention
was paid to the symmetric out-of-plane bending mode
(which turns into the ‘‘umbrella-flipping” inversion mode
in NH3). More recently, Viel et al. [25] have calculated
the PES of NHþ3 at the MR-CI level of theory with the pur-
pose of studying the photoelectron spectrum of NH3, tak-
ing into account the Jahn–Teller effect.

We report here the theoretical computation of spectral
data (band centers and vibrational transition moments
together with rovibrational transition wavenumbers and
intensities) for electric dipole and Raman spectra of
NHþ3 . These data are obtained from an ab initio PES with
accompanying DMS and polarizability surface also calcu-
lated as part of the present work. Relative to previously
published theoretical results [19–21,23] for NHþ3 , we have
achieved a noticeable improvement in the reproduction of
the extant experimental data. Our ab initio electronic-prop-
erty surfaces are more accurate than those previously avail-
able and therefore more useful for the prediction of
spectroscopic properties, especially for transitions involv-
ing highly excited states. We have generated, for the first
time, the six-dimensional ab initio polarizability surface
for NHþ3 .

In order to generate (ro)vibrational energies and intensi-
ties for the electric dipole and Raman spectra of NHþ3 , we
solve the nuclear-motion Schrödinger equation variation-
ally. In these calculations, we take into account all internal,
nuclear degrees of freedom (i.e., all vibrational modes and
the rotation). The theoretical procedure has been explained
in Refs. [29,30] and applied to a number of pyramidal mol-
ecules: ammonia NH3 [31,32], phosphine PH3 [33–35] and,
most recently, bismutine BiH3 and stibine SbH3 [36].

The NHþ3 ion is planar at equilibrium with D3h geomet-
rical symmetry; its molecular symmetry (MS) group is
D3h(M) [26,27], which is isomorphic to the point group
D3h. The irreducible representations of D3h(M) and D3h

are given in Table A-10 of Ref. [26]. The D3h(M) selection
rules for vibrational transitions [26,27] are such that some
of the fundamental vibrational transitions are forbidden
in absorption and emission. This motivated us to supple-
ment the information on such ‘inactive’ IR bands with
information on the corresponding Raman transitions
which satisfy other selection rules [26,27] so that they are
not forbidden.

An important motivation for the present work is astro-
physical: ammonia is found in comets, interstellar space,
and planetary atmospheres [37–39]. Spectroscopic studies
of NH3 and related molecules lead to new understanding
of these environments. For example, the nascent ortho-to-
para ratio (OPR) for NH3 in a comet can be interpreted
to give the temperature of formation of the NH3 species,
and hence the temperature of formation of the comet; the
temperature of formation of the comet indicates the dis-
tance from the solar nebula at which the comet was
formed. The NH3 OPR can be determined by analysis of
the emission spectrum of NH2 which derives from the pho-
todissociation of NH3 [40–42]. Interstellar microwave tran-
sitions have already been observed for NH3 [37]. In
addition nitrogen-containing, tetra-atomic ions such as
HCNH+ [43] have been detected in interstellar space, and
so NHþ3 appears a probable candidate for interstellar
detection.

The paper is structured as follows. Section 2 discusses
the ab initio PES and Section 3 is concerned with the
DMS and the polarizability surface. In Section 4, we
describe the computed vibrational bands, the electric-
dipole transition moments, the polarizability tensor matrix
elements and the intensity simulations of rovibrational
absorption spectra. Finally, we present conclusions in Sec-
tion 5.
2. The ab initio potential energy surface

The ab initio PES of NHþ3 has been computed with the
MOLPRO2002 [44,45] package at the UCCSD(T)/aug-cc-
pVQZ level of theory (i.e., unrestricted coupled cluster
theory with all single and double substitutions [46] and a
perturbative treatment of connected triple excitations
[47,48] with the augmented correlation-consistent quadru-
ple-zeta basis [49,50]). Core-valence correlation effects were
included at each point by adding the energy difference
between all-electron and frozen-core UCCSD(T) calcula-
tions with the aug-cc-pCVTZ basis [51]. Throughout the
paper this PES, and the level of theory at which it is calcu-
lated, will be referred to as AQZ. Following our previous
work on XY3 molecules [29], we represent the PES by an
expansion (PES type A in Ref. [29])

V ðn1; n2; n3; n4a; n4b; sin �qÞ ¼ V e þ V 0ðsin �qÞ

þ
X

j
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þ
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F jkðsin �qÞnjnk

þ
X

j6k6l

F jklðsin �qÞnjnknl

þ
X

j6k6l6m

F jklmðsin �qÞnjnknlnm

ð1Þ

in terms of the variables

ni ¼ 1� expð�aðri � reÞÞ; i ¼ 1; 2; 3; ð2Þ
which describe the stretching motion,

n4a ¼
1ffiffiffi
6
p 2a1 � a2 � a3ð Þ; ð3Þ

n4b ¼
1ffiffiffi
2
p a2 � a3ð Þ; ð4Þ

which describe the ‘deformation’ bending, and

sin �q ¼ 2ffiffiffi
3
p sin½ða1 þ a2 þ a3Þ=6� ð5Þ
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which describes the out-of-plane bending motion. In Eqs.
(2)–(5), ri is the instantaneous value of the internuclear dis-
tance N–Hi, i ¼ 1; 2; 3; and the H–N–H bond angle ai is
‘opposite’ to the ri bond. We truncate the expansion in
Eq. (1) after the fourth-order terms.

The pure out-of-plane-bending potential energy func-
tion in Eq. (1) is taken to be

V 0ðsin �qÞ ¼
X4

s¼1

f ðsÞ0 ðsin qe � sin �qÞs; ð6Þ

and the functions F jk...ðsin �qÞ are defined as

F jk...ðsin �qÞ ¼
XN

s¼0

f ðsÞjk...ðsin qe � sin �qÞs; ð7Þ

where sin qe ¼ 1 is the equilibrium value of sin �q and the
quantities f ðsÞ0 and f ðsÞjk... in Eqs. (6) and (7) are expansion
coefficients. The summation limits in Eq. (7) are N ¼ 3
for F jðsin �qÞ, N ¼ 2 for F jkðsin �qÞ, N ¼ 1 for F jklðsin �qÞ,
N ¼ 0 for F jklmðsin �qÞ. In total there are 49 symmetrically
unique potential parameters f ðsÞjk....

The Morse parameter a is fixed to the value 2.13 Å�1.
The 49 parameters f ðsÞjk... are obtained through fitting to
1251 ab initio energies computed for a set of geometries
covering the range 0:9 Å 6 r1 6 r2 6 r3 6 1:2 Å and
90� 6 a1; a2; a3 6 120�. The root-mean-square (rms) devia-
Table 1
Ab initio potential energy parameters (in cm�1 unless otherwise indicated)
for the electronic ground state of NHþ3

Parameter Value Parameter Value

re (Å) 1.0207036(11)a f 1
114 �9342(214)

a (Å�1) 2.13b f 0
123 �425.9(77)

f 1
0 57,472.2(64) f 1

123 2719(318)
f 2

0 364,126(337) f 0
124 1033.1(79)

f 3
0 �853,100(6027) f 1

124 7343(196)
f 4

0 2,042,989(34772) f 0
144 �1326(17)

f 1
1 �19,613(15) f 1

144 �7881(314)
f 2

1 2021(537) f 0
155 �2973(19)

f 3
1 �59,330(4946) f 1

155 �6538(351)
f 0

11 37,674.58(92) f 0
455 5339(25)

f 1
11 �8710(35) f 1

455 13,017(376)
f 2

11 �26,408(627) f 0
1111 3693.5(80)

f 0
12 �130.3(12) f 0

1112 �99.8(79)
f 1

12 5277(48) f 0
1114 �391(15)

f 2
12 13,150(851) f 0

1122 �89(11)
f 0

14 �1315.2(54) f 0
1123 �242(19)

f 1
14 �18,267(250) f 0

1124 340(17)
f 2

14 3788(2425) f 0
1125 618(25)

f 0
44 11,461.3(42) f 0

1144 �937(25)
f 1

44 54,250(165) f 0
1155 �2514(34)

f 2
44 �112,973(1583) f 0

1244 504(18)
f 0

111 491.2(19) f 0
1255 1570(27)

f 1
111 �4170(82) f 0

1444 �611(36)
f 0

112 24.4(20) f 0
1455 �856(55)

f 1
112 1392(92) f 0

4444 �155(10)
f 0

114 �725.7(97)

a Quantities in parentheses are standard errors in units of the last digit
given.

b Held fixed in the least-squares fitting.
tion of the fitting is 0.25 cm�1. The optimized potential-
energy parameter values are listed in Table 1.
3. The molecular dipole moment and the polarizability tensor

The ab initio dipole moment (DM) and polarizability
tensor (PT) values employed in the present work were com-
puted with the MOLPRO2002 [44,45] package at the
RCCSD(T)/aug-cc-pVTZ level of theory [46–50] in the fro-
zen-core approximation. Throughout the paper the DM
and PT surfaces, together with the level of theory at which
they are calculated, will be referred to as ATZfc. Dipole
moment and polarizability tensor values were computed
in a numerical finite-difference procedure with an added
external dipole field of 0.001 a.u.

The ab initio dipole moment components were calcu-
lated at 2281 geometries covering the same geometry range
that was used for the PES. The polarizability tensor has six
independent components, and in order to describe them
accurately, it was necessary to compute them on an
extended grid of 2661 points. Following Refs. [30,32,52,
53] we use the molecular bond (MB) representation to
describe the ri and aj dependence of the electronically aver-
aged dipole moment vector [26,30] �l for NHþ3 . In the MB
representation, this vector is given by

�l ¼ �lBond
1 e1 þ �lBond

2 e2 þ �lBond
3 e3 ð8Þ

where the three functions �lBond
i , i ¼ 1; 2; 3; depend on the

vibrational coordinates, and ei is the unit vector along
the N–Hi bond,

ei ¼
ri � r4

jri � r4j
ð9Þ

with ri as the position vector of nucleus i (the protons are
labeled 1, 2, 3, and the nitrogen nucleus is labeled 4). The
representation of �l in Eq. (8) is ‘body-fixed’ in the sense
that it relates the dipole moment vector directly to the
instantaneous positions of the nuclei (i.e., to the vectors
ri) [30].

Following Refs. [30,32], we express the three functions
�lBond

i , i ¼ 1; 2; 3; in terms of the projections of �l onto the
N–H bonds

�lBond
i ¼

X3

j¼1

ðA�1Þijð�l � ejÞ ð10Þ

where ðA�1Þij is an element of the non-orthogonal 3� 3
matrix A�1 obtained as the inverse1 of
1 We have already discussed in Refs. [30,32] that at planar configura-
tions where a1 þ a2 þ a3 ¼ 2p, the determinant jAj ¼ 0 and A�1 does not
exist. This is because e1, e2, and e3 are linearly dependent and there are
infinitely many possible values of ð�lBond

1 ; �lBond
2 ; �lBond

3 Þ. In this case we set
�lBond

3 ¼ 0 in Eq. (8) and express �l in terms of e1 and e2 only.



Table 2
ATZfc electric-dipole moment parametersa in the MB representation for the electronic ground state of 14NHþ3 (see Eq. (15))

Parameter Value Parameter Value Parameter Value

b (Å�1) 1.15 lð0Þ266 (D Å�1) 2.878810 lð0Þ1666 (D Å�1) 0.558748

lð0Þ1 (D Å�1) �6.843604 lð0Þ333 (D Å�3) �6.361674 lð0Þ2222 (D Å�4) 19.646100

lð0Þ3 (D Å�1) 3.434735 lð0Þ334 (D Å�2) 2.186843 lð0Þ2224 (D Å�3) �3.219553

lð0Þ4 (D) 1.012222 lð0Þ344 (D Å�1) �0.200454 lð0Þ2225 (D Å�3) 4.237734

lð0Þ5 (D) 2.069054 lð0Þ444 (D) 0.130048 lð0Þ2244 (D Å�2) 0.288955

lð0Þ11 (D Å�2) 4.835573 lð0Þ445 (D) 0.073544 lð0Þ2245 (D Å�2) �0.811717

lð0Þ13 (D Å�2) �3.175562 lð0Þ456 (D) 0.632632 lð0Þ2246 (D Å�2) �0.516277

lð0Þ14 (D Å�1) �4.264478 lð0Þ466 (D) �0.082600 lð0Þ2255 (D Å�2) �0.399009

lð0Þ16 (D Å�1) 5.651595 lð0Þ555 (D) 0.060544 lð0Þ2256 (D Å�2) 2.206634

lð0Þ23 (D Å�2) 6.823521 lð0Þ556 (D) �0.132632 lð0Þ2266 (D Å�2) �1.555935

lð0Þ33 (D Å�2) �2.808766 lð0Þ1111 (D Å�4) �35.944039 lð0Þ2333 (D Å�4) 9.500434

lð0Þ34 (D Å�1) �0.843761 lð0Þ1112 (D Å�4) �10.497074 lð0Þ2334 (D Å�3) 2.655695

lð0Þ35 (D Å�1) �12.640348 lð0Þ1114 (D Å�3) �9.457721 lð0Þ2335 (D Å�3) 1.774231

lð0Þ36 (D Å�1) 2.399561 lð0Þ1115 (D Å�3) 8.802863 lð0Þ2336 (D Å�3) �0.523673

lð0Þ46 (D) �0.117599 lð0Þ1122 (D Å�4) 2.630873 lð0Þ2344 (D Å�2) 0.648306

lð0Þ55 (D) �0.504553 lð0Þ1124 (D Å�3) �3.312608 lð0Þ2345 (D Å�2) 1.090952

lð0Þ56 (D) 0.388056 lð0Þ1126 (D Å�3) 0.401930 lð0Þ2356 (D Å�2) �0.573295

lð0Þ111 (D Å�3) 13.779441 lð0Þ1136 (D Å�3) 3.997013 lð0Þ2366 (D Å�2) �1.475248

lð0Þ112 (D Å�3) 10.049993 lð0Þ1144 (D Å�2) 0.938232 lð0Þ2444 (D Å�1) �0.087380

lð0Þ114 (D Å�2) 9.691422 lð0Þ1146 (D Å�2) 2.075752 lð0Þ2445 (D Å�1) 0.655178

lð0Þ115 (D Å�2) �8.706157 lð0Þ1155 (D Å�2) �0.593303 lð0Þ2455 (D Å�1) �0.013374

lð0Þ123 (D Å�3) �2.220674 lð0Þ1156 (D Å�2) �2.217717 lð0Þ2456 (D Å�1) �1.782524

lð0Þ124 (D Å�2) 2.341861 lð0Þ1222 (D Å�4) �6.570507 lð0Þ2466 (D Å�1) 0.858035

lð0Þ135 (D Å�2) �1.907079 lð0Þ1225 (D Å�3) 2.328468 lð0Þ3335 (D Å�3) �31.175997

lð0Þ136 (D Å�2) �4.551584 lð0Þ1233 (D Å�4) 2.443607 lð0Þ3445 (D Å�1) �0.229146

lð0Þ144 (D Å�1) �0.890388 lð0Þ1234 (D Å�3) �1.174183 lð0Þ3555 (D Å�1) �0.378778

lð0Þ146 (D Å�1) �1.834530 lð0Þ1235 (D Å�3) �1.605869 lð0Þ3556 (D Å�1) �0.448908

lð0Þ155 (D Å�1) �1.328220 lð0Þ1245 (D Å�2) 0.584696 lð0Þ3566 (D Å�1) �0.102296

lð0Þ156 (D Å�1) 1.298989 lð0Þ1246 (D Å�2) �0.394594 lð0Þ3666 (D Å�1) 0.071158

lð0Þ223 (D Å�3) �8.850826 lð0Þ1256 (D Å�2) �0.386002 lð0Þ4444 (D) �0.049562

lð0Þ225 (D Å�2) �3.858900 lð0Þ1334 (D Å�3) 0.555470 lð0Þ4445 (D) �0.027221

lð0Þ226 (D Å�2) 25.883368 lð0Þ1335 (D Å�3) 2.405382 lð0Þ4456 (D) �0.368059

lð0Þ234 (D Å�2) �4.044328 lð0Þ1355 (D Å�2) 1.044514 lð0Þ4466 (D) 0.280112

lð0Þ235 (D Å�2) �0.669207 lð0Þ1366 (D Å�2) �0.165703 lð0Þ4555 (D) �0.080231

lð0Þ245 (D Å�1) �0.523503 lð0Þ1445 (D Å�1) �0.084613 lð0Þ4556 (D) �0.532429

lð0Þ246 (D Å�1) 1.263005 lð0Þ1456 (D Å�1) 1.941205 lð0Þ5566 (D) 0.477874

lð0Þ255 (D Å�1) 0.873503 lð0Þ1466 (D Å�1) �0.591163 lð0Þ5666 (D) 0.093791

lð0Þ256 (D Å�1) �1.294535 lð0Þ1566 (D Å�1) 1.023531 lð0Þ6666 (D) 0.020529

a The parameter values in the table define, in conjunction with Eqs. (10)–(18), a dipole moment vector expressed in an axis system with origin at the
center of mass for 14NHþ3 .
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A ¼
1 cos a3 cos a2

cos a3 1 cos a1

cos a2 cos a1 1

0
B@

1
CA: ð11Þ

All three projections are given in terms of a single function
�l0ðr1; r2; r3; a1; a2; a3Þ [30]:

�l � e1 ¼ �l0ðr1; r2; r3; a1; a2; a3Þ ¼ �l0ðr1; r3; r2; a1; a3; a2Þ; ð12Þ
�l � e2 ¼ �l0ðr2; r3; r1; a2; a3; a1Þ ¼ �l0ðr2; r1; r3; a2; a1; a3Þ; ð13Þ
�l � e3 ¼ �l0ðr3; r1; r2; a3; a1; a2Þ ¼ �l0ðr3; r2; r1; a3; a2; a1Þ: ð14Þ

This function is expressed as an expansion

�l0 ¼
X

k

lð0Þk fk þ
X

k;l

lð0Þkl fkfl þ
X
k;l;m

lð0Þklmfkflfm

þ
X

k;l;m;n

lð0Þklmnfkflfmfn ð15Þ

in the variables



Table 3
ATZfc polarizability tensor parametersa að0Þijk... in the MB representation for
the electronic ground state of 14NHþ3 (see Eq. (30) with c ¼ a)

Parameter Value Parameter Value Parameter Value

b (Å�1) 0 að0Þ256 (Å2) �0.989074 að0Þ1466 (Å2) �0.062063

að0Þ1 (Å2) 0.493404 að0Þ266 (Å2) 1.952151 að0Þ1566 (Å2) �0.189215

að0Þ3 (Å2) �0.465832 að0Þ333 �0.460974 að0Þ2222 (Å�1) 0.076761

að0Þ4 (Å3) 0.445852 að0Þ334 (Å) �0.055144 að0Þ2224 �0.046087

að0Þ5 (Å3) �0.284352 að0Þ344 (Å2) 0.024214 að0Þ2244 (Å) �0.028324

að0Þ11 (Å) �1.189665 að0Þ444 (Å3) �0.044236 að0Þ2245 (Å) 0.021640

að0Þ13 (Å) �0.169320 að0Þ445 (Å3) 0.137282 að0Þ2246 (Å) �0.072515

að0Þ14 (Å2) �1.447197 að0Þ456 (Å3) �0.700875 að0Þ2255 (Å) 0.019044

að0Þ16 (Å2) 0.560079 að0Þ466 (Å3) 0.097452 að0Þ2256 (Å) 0.116615

að0Þ23 (Å) �0.312925 að0Þ555 (Å3) 0.026306 að0Þ2266 (Å) �1.323202

að0Þ33 (Å) 0.540775 að0Þ556 (Å3) 0.137435 að0Þ2334 0.136829

að0Þ34 (Å2) 0.050189 að0Þ1111 (Å�1) �0.136197 að0Þ2335 0.054877

að0Þ35 (Å2) 0.911449 að0Þ1112 (Å�1) �0.194616 að0Þ2336 �0.201638

að0Þ36 (Å2) �0.311468 að0Þ1114 �0.476985 að0Þ2344 (Å) 0.063080

að0Þ46 (Å3) �0.267262 að0Þ1115 �0.105702 að0Þ2345 (Å) �0.042955

að0Þ55 (Å3) �1.014634 að0Þ1122 (Å�1) �0.182241 að0Þ2356 (Å) 0.772595

að0Þ56 (Å3) 1.111683 að0Þ1124 �0.013455 að0Þ2366 (Å) �0.061730

að0Þ111 0.496223 að0Þ1126 0.387104 að0Þ2445 (Å2) �0.055619

að0Þ112 0.397490 að0Þ1136 �0.046041 að0Þ2455 (Å2) 0.030787

að0Þ114 (Å) 1.394169 að0Þ1144 (Å) 0.037216 að0Þ2456 (Å2) �0.061066

að0Þ115 (Å) �0.132916 að0Þ1146 (Å) �0.089148 að0Þ2466 (Å2) �0.105342

að0Þ123 0.251988 að0Þ1155 (Å) �0.106994 að0Þ3335 0.243145

að0Þ124 (Å) 0.145328 að0Þ1156 (Å) 0.243709 að0Þ3445 (Å2) 0.043989

að0Þ135 (Å) �1.904524 að0Þ1222 (Å�1) 0.061230 að0Þ3555 (Å2) �0.085116

að0Þ136 (Å) 0.298890 að0Þ1225 �0.145562 að0Þ3556 (Å2) �0.015273

að0Þ144 (Å2) �0.060657 að0Þ1233 (Å�1) �0.098227 að0Þ3566 (Å2) 0.043723

að0Þ146 (Å2) 0.401608 að0Þ1234 �0.129946 að0Þ3666 (Å2) �0.008463

að0Þ155 (Å2) 0.335064 að0Þ1235 0.019214 að0Þ4444 (Å3) 0.023417

að0Þ156 (Å2) �0.490512 að0Þ1245 (Å) �0.291728 að0Þ4445 (Å3) 0.016761

að0Þ223 0.117860 að0Þ1246 (Å) 0.256699 að0Þ4456 (Å3) 0.196531

að0Þ225 (Å) 0.269858 að0Þ1256 (Å) 0.070449 að0Þ4466 (Å3) �0.037671

að0Þ226 (Å) �0.530312 að0Þ1334 0.015997 að0Þ4555 (Å3) 0.059061

að0Þ234 (Å) �0.279805 að0Þ1335 0.967789 að0Þ4556 (Å3) 0.169423

að0Þ235 (Å) 0.095014 að0Þ1355 (Å) 0.010522 að0Þ5566 (Å3) �0.201868

að0Þ245 (Å2) 0.177348 að0Þ1366 (Å) �0.037858 að0Þ5666 (Å3) �0.049009

að0Þ246 (Å2) 0.047253 að0Þ1445 (Å2) �0.195151 að0Þ6666 (Å3) 0.030824

að0Þ255 (Å2) 0.058489 að0Þ1456 (Å2) 0.652634

a In the cgs unit system, the static polarizability tensor components have
units of cm3. We use here the related unit Å3 = 10�24 cm3.

Table 4
ATZfc polarizability tensor parametersa cð0Þijk... in the MB representation for
the electronic ground state of 14NHþ3 (see Eq. (30) with c ¼ c)

Parameter Value Parameter Value Parameter Value

b (Å�1) 0 cð0Þ256 (Å2) �0.581908 cð0Þ1666 (Å2) �0.031633

cð0Þ1 (Å2) 0.571253 cð0Þ266 (Å2) �0.014717 cð0Þ2224 �0.790934

cð0Þ3 (Å2) �0.158345 cð0Þ334 (Å) 1.770157 cð0Þ2225 0.149684

cð0Þ4 (Å3) 1.064409 cð0Þ344 (Å2) �0.100991 cð0Þ2244 (Å) �0.312831

cð0Þ5 (Å3) �0.671033 cð0Þ444 (Å3) 0.095695 cð0Þ2245 (Å) �0.091105

cð0Þ11 (Å) �0.971826 cð0Þ445 (Å3) 0.022256 cð0Þ2246 (Å) �0.350528

cð0Þ13 (Å) 0.167939 cð0Þ456 (Å3) �0.137319 cð0Þ2255 (Å) 0.034223

cð0Þ14 (Å2) �0.571641 cð0Þ466 (Å3) �0.167322 cð0Þ2266 (Å) �0.027770

cð0Þ16 (Å2) 0.607798 cð0Þ555 (Å3) �0.041107 cð0Þ2333 (Å�1) 0.234003

cð0Þ23 (Å) 0.646475 cð0Þ556 (Å3) �0.040988 cð0Þ2334 �0.222918

cð0Þ33 (Å) 0.136753 cð0Þ1111 (Å�1) �0.194871 cð0Þ2335 0.178192

cð0Þ34 (Å2) �1.972865 cð0Þ1114 0.010980 cð0Þ2336 0.099244

cð0Þ35 (Å2) �0.058342 cð0Þ1115 0.154238 cð0Þ2344 (Å) 0.708195

cð0Þ36 (Å2) 1.462181 cð0Þ1122 (Å�1) �0.074861 cð0Þ2345 (Å) �0.131913

cð0Þ46 (Å3) 0.308868 cð0Þ1124 �0.055953 cð0Þ2356 (Å) 0.410695

cð0Þ55 (Å3) 0.187358 cð0Þ1126 0.055629 cð0Þ2366 (Å) 0.100046

cð0Þ56 (Å3) �0.172508 cð0Þ1136 0.405061 cð0Þ2444 (Å2) �0.033803

cð0Þ111 0.699937 cð0Þ1144 (Å) �0.068093 cð0Þ2445 (Å2) 0.034601

cð0Þ112 �0.043259 cð0Þ1146 (Å) 0.079653 cð0Þ2455 (Å2) 0.009920

cð0Þ115 (Å) �0.309539 cð0Þ1155 (Å) 0.043053 cð0Þ2456 (Å2) 0.134212

cð0Þ123 �0.161635 cð0Þ1156 (Å) �1.476878 cð0Þ2466 (Å2) 0.101537

cð0Þ124 (Å) 0.584183 cð0Þ1222 (Å�1) 0.063065 cð0Þ3335 �0.183962

cð0Þ135 (Å) �0.178955 cð0Þ1225 0.240693 cð0Þ3445 (Å2) 0.079421

cð0Þ136 (Å) �0.973424 cð0Þ1233 (Å�1) 0.064625 cð0Þ3555 (Å2) 0.006624

cð0Þ144 (Å2) 0.143030 cð0Þ1234 �0.271015 cð0Þ3556 (Å2) 0.126310

cð0Þ146 (Å2) �0.760431 cð0Þ1245 (Å) 0.129446 cð0Þ3566 (Å2) �0.014971

cð0Þ155 (Å2) 0.062305 cð0Þ1246 (Å) 0.575131 cð0Þ3666 (Å2) 0.045119

cð0Þ156 (Å2) 2.070483 cð0Þ1256 (Å) 0.077033 cð0Þ4444 (Å3) �0.025655

cð0Þ223 �0.396710 cð0Þ1334 �0.268837 cð0Þ4445 (Å3) �0.050596

cð0Þ225 (Å) �0.782040 cð0Þ1335 �0.060920 cð0Þ4456 (Å3) 0.211031

cð0Þ226 (Å) 0.550283 cð0Þ1355 (Å) �0.119683 cð0Þ4466 (Å3) �0.163845

cð0Þ234 (Å) 0.468093 cð0Þ1366 (Å) 0.051170 cð0Þ4555 (Å3) �0.022778

cð0Þ235 (Å) �0.577397 cð0Þ1445 (Å2) �0.055251 cð0Þ4556 (Å3) 0.085410

cð0Þ245 (Å2) 0.113045 cð0Þ1456 (Å2) �0.168697 cð0Þ5566 (Å3) �0.028347

cð0Þ246 (Å2) 0.106509 cð0Þ1466 (Å2) 0.067165 cð0Þ5666 (Å3) 0.037276

cð0Þ255 (Å2) �0.277997 cð0Þ1566 (Å2) �0.112153 cð0Þ6666 (Å3) 0.002851

a In the cgs unit system, the static polarizability tensor components have
units of cm3. We use here the related unit Å3 = 10�24 cm3.
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fk ¼ rk exp �b2r2
k

� �
; k ¼ 1; 2; 3; ð16Þ

fl ¼ cosðal�3Þ � cos
2p
3

� �
¼ 1

2
þ cosðal�3Þ; l ¼ 4; 5; 6:

ð17Þ
We include the factor expð�b2r2
kÞ in Eq. (16), with a suit-

ably chosen value of the parameter b, in order to prevent
the expansion from diverging at large rk [32,53].

The expansion coefficients lð0Þklm... in Eq. (15) obey the fol-
lowing permutation rules:

lð0Þk0l0m0 ... ¼ lð0Þklm... ð18Þ



Table 5
ATZfc polarizability tensor parametersa dð0Þijk... in the MB representation for
the electronic ground state of 14NHþ3 (see Eq. (30) with c ¼ d)

Parameter Value Parameter Value Parameter Value

b (Å�1) 0 dð0Þ333 0.491484 dð0Þ1236 0.229499

dð0Þ0 (Å3) �0.302838 dð0Þ356 (Å2) �0.171005 dð0Þ1245 (Å) 0.303504

dð0Þ4 (Å3) 0.057101 dð0Þ366 (Å2) �0.164452 dð0Þ1255 (Å) �0.017150

dð0Þ11 (Å) �0.638935 dð0Þ456 (Å3) �0.250350 dð0Þ1256 (Å) 0.189312

dð0Þ13 (Å) 0.368525 dð0Þ556 (Å3) �0.010198 dð0Þ1266 (Å) 0.208419

dð0Þ14 (Å2) �0.346979 dð0Þ666 (Å3) 0.023956 dð0Þ3333 (Å�1) �0.086087

dð0Þ15 (Å2) �0.082276 dð0Þ1114 0.238257 dð0Þ3346 (Å) �0.181862

dð0Þ44 (Å3) 0.040883 dð0Þ1116 0.390058 dð0Þ3445 (Å2) �0.104290

dð0Þ45 (Å3) �0.079680 dð0Þ1122 (Å�1) 0.211208 dð0Þ3456 (Å2) 0.092558

dð0Þ116 (Å) �0.600373 dð0Þ1123 (Å�1) �0.149092 dð0Þ3556 (Å2) 0.041340

dð0Þ123 0.985018 dð0Þ1124 �0.237972 dð0Þ3666 (Å2) �0.040422

dð0Þ233 �0.356775 dð0Þ1125 �0.055421 dð0Þ4444 (Å3) 0.005441

dð0Þ234 (Å) 1.092313 dð0Þ1126 �0.341766 dð0Þ4446 (Å3) �0.026849

dð0Þ235 (Å) 0.314545 dð0Þ1144 (Å) 0.072321 dð0Þ4466 (Å3) �0.109425

dð0Þ246 (Å2) 0.391433 dð0Þ1155 (Å) �0.067657 dð0Þ4556 (Å3) 0.078811

dð0Þ266 (Å2) �0.021601 dð0Þ1156 (Å) �0.377933

a In the cgs unit system, the static polarizability tensor components have
units of cm3. We use here the related unit Å3 = 10�24 cm3.

2 As mentioned above, A�1 does not exist at planarity. By analogy with
the procedure used for the MB representation of the dipole moment
[30,32], at planar geometries we set �aBond

i;j ¼ 0 for i ¼ 3 and/or j ¼ 3 and
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if the indices k0; l0;m0; . . . are obtained from k; l;m; . . . by
replacing all indices 2 by 3, all indices 3 by 2, all indices
5 by 6, and all indices 6 by 5.

We have determined the values of the expansion param-
eters in Eq. (15), which we take to fourth-order, in a least-
squares fitting to the 3� 2281 ab initio dipole moment
projections �l � ej ðj ¼ 1; 2; 3Þ. We could usefully vary 113
parameters in the final fitting, which had a rms deviation
of 0.00012 D. Table 2 lists the optimized parameter values.
Parameters, whose absolute values were determined to be
less than their standard errors in initial fittings, were con-
strained to zero in the final fitting and omitted from the
table. Furthermore, we give in the tables only one member
of each parameter pair related by Eq. (18).

For an ion such as NHþ3 , the dipole moment vector
depends on the choice of origin for the axis system used
to describe this vector. The parameter values in Table 2
define, together with Eqs. (10)–(18), a dipole moment vec-
tor expressed in an axis system with origin at the center of
mass for 14NHþ3 . This dipole moment vector is required to
calculate the line strengths of electric-dipole transitions for
14NHþ3 (see for example, Ref. [26]).

The components of the static electric polarizability ten-
sor as, expressed in a laboratory-fixed Cartesian axis sys-
tem XYZ, are denoted by aAB ðA;B ¼ X ; Y ; Z). In the ab

initio calculations of the present work we determine elec-
tronic expectation values �aAB (which depend on the vibra-
tional coordinates) of these quantities in the electronic
ground state. At this stage of the computation, XYZ repre-
sents the laboratory-fixed axis system used to define the
nuclear positions in the ab initio calculation. In order to
provide a description of the polarizability tensor that is
independent of the choice of axis system we utilize an
MB-type representation, i.e., we express the tensor �as in
terms of the vectors ei from Eq. (9):

�as ¼ eN
�d0eN þ

X3

i¼1

X3

j¼1

ei�a
Bond
i;j ej ð19Þ

or, equivalently, in terms of the components

ð�asÞAB ¼ ðeNÞA�d0ðeNÞB þ
X3

i¼1

X3

j¼1

ðeiÞA�aBond
i;j ðejÞB ð20Þ

where A, B ¼ X ; Y ; Z and eN ¼ qN=jqNj with the ‘trisector’

qN ¼ ðe1 � e2Þ þ ðe2 � e3Þ þ ðe3 � e1Þ: ð21Þ
We define

D ¼ eN � e1 ¼ eN � e2 ¼ eN � e3 ¼ ðe1 � e2Þ � e3=jqNj ð22Þ
and obtain in a derivation analogous to that leading to Eq.
(10)

�aBond
i;j ¼

X3

k¼1

X3

l¼1

ðA�1Þik ek � ð�ase
T
l Þ � D2�d0

� �
ðA�1Þlj ð23Þ

where A�1 is the matrix2 introduced in connection with Eq.
(10), the vectors ek and el are understood as row (1� 3)
matrices, and a superscript T denotes transposition.

By analogy with Eqs. (12)–(14), we introduce parameter-
ized functions representing the projections ek � ð�ase

T
l Þ from

Eq. (23). The symmetry properties of these functions are
such that we can express them in terms of two scalar func-
tions �a0 and �c0:

e1 � ð�ase
T
1 Þ ¼ �a0ðr1; r2; r3; a1; a2; a3Þ
¼ �a0ðr1; r3; r2; a1; a3; a2Þ; ð24Þ

e2 � ð�ase
T
2 Þ ¼ �a0ðr2; r3; r1; a2; a3; a1Þ
¼ �a0ðr2; r1; r3; a2; a1; a3Þ; ð25Þ

e3 � ð�ase
T
3 Þ ¼ �a0ðr3; r1; r2; a3; a1; a2Þ
¼ �a0ðr3; r2; r1; a3; a2; a1Þ; ð26Þ

and

e2 � ð�ase
T
3 Þ ¼ e3 � ð�ase

T
2 Þ ¼ �c0ðr1; r2; r3; a1; a2; a3Þ

¼ �c0ðr1; r3; r2; a1; a3; a2Þ; ð27Þ
e1 � �ase

T
3

� �
¼ e3 � �ase

T
1

� �
¼ �c0ðr2; r3; r1; a2; a3; a1Þ

¼ �c0ðr2; r1; r3; a2; a1; a3Þ; ð28Þ
e1 � ð�ase

T
2 Þ ¼ e2 � ð�ase

T
1 Þ ¼ �c0ðr3; r1; r2; a3; a1; a2Þ

¼ �c0ðr3; r2; r1; a3; a2; a1Þ: ð29Þ

Since the �as tensor is symmetric, we have ei � ð�ase
T
j Þ ¼ ej�

ð�ase
T
i Þ for i 6¼ j. The scalar functions �a0 and �c0 are expanded

(in a manner analogous to Eq. (15)) in terms of the internal
coordinates fk from Eqs. (16) and (17):
express �as in terms of e1, e2, and eN ¼ e1 � e2=je1 � e2j only.



Table 6
Band centers (in cm�1) for vibrational states of 14NHþ3 with A01, A002, E0, and E00 symmetry

Statea Cb AQZc Obs.d MR-CIe CEPAf State C AQZ Obs. MR-CIe

2m2 A01 1836.69 1843.9 1840 1839 m4 E0 1512.54 1507.1 1518
2m4 A01 2998.66 2m4 E0 3015.73
m1 A01 3230.87 3232g 3221 3322 2m2 þ m4 E0 3368.85 3327
4m2 A01 3796.11 3807.4 3794 3812 m3 E0 3389.49 3388.65h 3331
3m4 A01 4509.33 3m4 E0 4478.28
2m2 þ 2m4 A01 4875.99 m1 þ m4 E0 4731.49
m3 þ m4 A01 4897.52 m3 þ m4 E0 4879.45
m1 þ 2m2 A01 5053.99 2m2 þ 2m4 E0 4891.90
6m2 A01 5838.99 5851.7 5833 5877 2m2 þ m3 E0 5192.20
4m4 A01 5938.25 4m2 þ m4 E0 5345.37
m1 þ 2m4 A01 6201.72 4m4 E0 5952.52
m3 þ 2m4 A01 6358.85 4m4 E0 5996.56
2m2 þ 3m4 A01 6404.43 m1 þ 2m4 E0 6220.87
2m1 A01 6404.75 m3 þ 2m4 E0 6335.89
2m3 A01 6691.19 2m2 þ 3m4 E0 6376.01
2m2 þ m3 þ m4 A01 6721.18 m3 þ 2m4 E0 6381.04
4m2 þ 2m4 A01 6870.95 m1 þ m3 E0 6515.33
m1 þ 4m2 A01 7000.12 m1 þ 2m2 þ m4 E0 6574.90

. . . 2m2 þ m3 þ m4 E0 6702.07
8m2 A01 7943.52 7957.8 7935 8010 2m3 E0 6751.66

4m2 þ 2m4 E0 6884.63
m2 A002 899.33 903.39i 903 899 m2 þ m4 E00 2421.91 2413
3m2 A002 2804.10 2813.2 2805 2812 m2 þ 2m4 E00 3935.14
m2 þ 2m4 A002 3918.51 m2 þ m3 E00 4271.49 4274.95j 4247
m1 þ m2 A002 4123.35 4127.5k 4143 4214 3m2 þ m4 E00 4345.23 4259
5m2 A002 4808.74 4821.2 4804 4835 m2 þ 3m4 E00 5408.37
m2 þ 3m4 A002 5438.43 m1 þ m2 þ m4 E00 5634.30
m2 þ m3 þ m4 A002 5790.09 m2 þ m3 þ m4 E00 5771.74
3m2 þ 2m4 A002 5862.01 3m2 þ 2m4 E00 5876.74
m1 þ 3m2 A002 6014.71 6022.5g 6115 3m2 þ m3 E00 6143.29
m2 þ 4m4 A002 6878.42 5m2 þ m4 E00 6365.29
7m2 A002 6884.52 6899.4 6877 6936 m2 þ 4m4 E00 6892.42

. . . m2 þ 4m4 E00 6935.53
9m2 A002 9014.58 9030.4 9007 9097

a Spectroscopic assignment.
b Symmetry of the vibrational state in D3h(M) [26,27].
c Band centers calculated theoretically in this work.
d Experimental band centers, from Ref. [6] unless otherwise indicated.
e MR-CI theoretical band centers from Ref. [21].
f CEPA theoretical band centers from Ref. [19].
g Ref. [14].
h Ref. [1].
i Ref. [2].
j Ref. [3].

k Ref. [14]. The experimental value obtained in Ref. [6] is 4345:7 cm�1.
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�c0 ¼ cð0Þ0 þ
X

k

cð0Þk fk þ
X

k;l

cð0Þkl fkfl þ
X
k;l;m

cð0Þklmfkflfm

þ
X

k;l;m;n

cð0Þklmnfkflfmfn ð30Þ

with c ¼ a and c, respectively. The expansion coefficients
að0Þklm... (for c ¼ a) and cð0Þklm... (for c ¼ c) in Eq. (30) are subject
to the permutation rules given in Eq. (18). We have deter-
mined the values of the expansion coefficients að0Þklm... and
cð0Þklm... defined by Eq. (30) for c ¼ a and c, respectively, in
least-squares fittings to polarizability tensor component
values calculated ab initio for NHþ3 . For �a0, we fitted
3� 2661 data points and achieved an rms deviation of
0.000083 Å3 by varying the 109 parameters whose opti-
mized values are listed in Table 3. For �c0, we also fitted
7983 data points by varying 107 parameters (Table 4).
The rms deviation of the final fitting was 0.000068 Å3.
Parameters, whose values are not listed in Tables 3 and
4, were constrained to zero in the final fittings.

The term eN
�d0eN in Eq. (19) is required in order to

describe correctly the polarizability tensor components at
planar configurations. When the molecule is planar, the
three vectors e1, e2, e3 (Eq. (9)) all lie in the molecular plane.
If, for the planar configuration, we consider an axis system
xyz with the x and y axes in the molecular plane and the z

axis perpendicular to it, then the term involving the �aBond
i;j -

functions in Eq. (19) will, by necessity, produce zero contri-
butions to the �as-components axz ¼ azx, ayz ¼ azy , and azz at



Table 7
Vibrational transition moments lfi for 14NHþ3 (in D)

States lfi

i f MR-CIa CEPAb ATZfcc

g.s. m2 0.311 0.324 0.318
m2 2m2 0.440 0.434
2m2 3m2 0.525 0.517
3m2 4m2 0.591 0.583
4m2 5m2 0.645 0.638
5m2 6m2 0.694 0.686
6m2 7m2 0.735 0.728
7m2 8m2 0.775 0.766
8m2 9m2 0.807 0.801
m2 m1 0.031
g.s. m3 0.238 0.248
m2 m2 þ m3 0.243
g.s. m4 0.187 0.185
m2 m2 þ m4 0.182
g.s. 2m2 þ m4 0.007
m2 3m2 þ m4 0.008
g.s. 2m2

4 0.036
m2 m2 þ 2m2

4 0.038

a MR-CI theoretical values from Ref. [23].
b CEPA theoretical values from Ref. [18].
c Present work.

Table 8
Vibrational transition moments lfi and effective intensities I fi (T=300 K)
for 14NHþ3 transitions originating in the ground vibrational state

Banda Cf
b mfi (cm�1) lfi (D) I fi ðcm mol�1Þ

m2 A002 899.33 0.31746 224,140.9
m4 E0 1512.54 0.18478 129,360.6
3m2 A002 2804.10 0.00067 3.1
2m4 E0 3015.73 0.03626 9937.5
2m2 þ m4 E0 3368.85 0.00743 465.7
m3 E0 3389.49 0.24759 520,816.7
m2 þ 2m4 A002 3918.51 0.00062 3.8
m1 þ m2 A002 4123.35 0.01418 2078.6
3m4 E0 4478.28 0.00135 20.5
m1 þ m4 E0 4731.49 0.00274 89.1
m3 þ m4 E0 4879.45 0.03072 11,546.3
2m2 þ 2m4 E0 4891.90 0.00313 119.8
2m2 þ m3 E0 5192.20 0.00383 190.8
m2 þ 3m4 A002 5438.43 0.00074 7.4
m2 þ m3 þ m4 A002 5790.09 0.00070 7.2
4m4 E0 5952.52 0.00072 7.7
4m4 E0 5996.56 0.00097 14.2
m1 þ 2m4 E0 6220.87 0.00222 77.1
m3 þ 2m4 E0 6335.89 0.00479 363.9
m3 þ 2m4 E0 6381.04 0.00053 4.5
m1 þ m3 E0 6515.33 0.01869 5703.8
2m2 þ m3 þ m4 E0 6702.07 0.00042 3.0
2m3 E0 6751.66 0.00505 431.2
m2 þ m3 þ 2m4 A002 7259.86 0.00045 3.6
2m1 þ m2 A002 7290.40 0.00109 21.5
m1 þ 3m4 E0 7663.79 0.00056 6.0
m3 þ 3m4 E0 7793.37 0.00041 3.4
2m1 þ m4 E0 7894.21 0.00100 19.9
m1 þ m3 þ m4 E0 7996.52 0.00249 124.1
2m3 þ m4 E0 8162.96 0.00089 16.2
2m3 þ m4 E0 8233.26 0.00103 22.0
m1 þ 2m2 þ m3 E0 8304.08 0.00047 4.6
2m1 þ 2m4 E0 9368.53 0.00083 16.0
m1 þ m3 þ 2m4

c E0 9435.96 0.00053 6.7
2m1 þ m3

c E0 9557.14 0.00176 74.5
m1 þ 2m3

c E0 9819.33 0.00076 14.3
3m3

c E0 9970.07 0.00147 53.7
3m3 þ m4

c E0 11,491.38 0.00069 13.9
3m3 þ 2m4

c E0 12,942.49 0.00065 13.6
4m3

c E0 13,184.39 0.00030 3.0

a Spectroscopic assignment.
b Symmetry of the final vibrational state in D3h(M).
c Ambiguous assignment. The use of un-symmetrized stretching basis

functions makes it difficult to assign m1 and m3 unambiguously.
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planarity. By symmetry [26], the components axz ¼ azx and
ayz ¼ azy vanish at planarity and no problem arises, but azz

is non-zero at planarity, and we have introduced the term
eN

�d0eN in Eq. (19) to model it. For planar geometries, the
unit vector eN is perpendicular to the molecular plane so
that we have �d0 ¼ �azz. We represent �d0 as an expansion in
terms of the internal coordinates fk from Eqs. (16) and
(17); see Eq. (30) with c ¼ d. Values of the corresponding
expansion coefficients dð0Þklm... are obtained by fitting the
expansion through values of the projection eN � ð�ase

T
NÞ

which, at planar geometries, has the value �azz. The scalar
function �d0 depends on the coordinates r1; r2; r3; a1; a2, and
a3 and is totally symmetric in D3h(M). Consequently, the
expansion coefficients dð0Þklm... (Eq. (30) with c ¼ d) are subject
to symmetry constraints which we can express as

dð0Þk0l0m0 ... ¼ dð0Þklm... ð31Þ

For example, in order that �d0 be invariant under the oper-
ation (123) of D3h(M) [26], the indices k0l0m0 . . . in Eq. (31)
are obtained from klm . . . when all indices 1 are replaced by
3, all indices 2 by 1, all indices 3 by 2, all indices 4 by 6, all
indices 5 by 4, and all indices 6 by 5. Similar relations can
be obtained by considering the other permutation opera-
tions (132), (12), (13), and (23) in D3h(M). With the 46 un-
ique parameters listed in Table 5 we were able to reproduce
2661 ab initio values of eN � ð�ase

T
NÞ with an rms deviation of

0.000050 Å3. At equilibrium we obtain �dð0Þ ¼ �0:8868 Å
3
.

At the planar equilibrium geometry (with all ai ¼ 120�

and all ri ¼ re ¼ 1:0207 Å), the polarizability tensor of
NHþ3 is characterized by �að0Þe � �a0ðre; re; re; 120�; 120�;
120�Þ ¼ �1:2060 Å

3
;�c0ðre; re; re; 120�; 120�; 120�Þ ¼ ��að0Þe =2,

and �dð0Þe ¼ �d0ðre; re; re; 120�; 120�; 120�Þ ¼ �0:8868 Å
3
. If
we choose, as in the preceding paragraph, a molecule-fixed
axis system xyz such that the z-axis is perpendicular to the
molecular plane at equilibrium, the only non-zero compo-
nents are �aðmÞxx ¼ �aðmÞyy ¼ �að0Þe , and �aðmÞzz ¼ �dð0Þe .

The intensity of a Raman transition depends on matrix
elements of static polarizability tensor components between
the ro-vibrational wavefunctions connected by the transi-
tion [26,27,54]. The static polarizability tensor determines
the electric-dipole moment induced by an external electric
field. In order to facilitate the evaluation of the matrix ele-
ments required for computing Raman intensities, the Carte-
sian polarizability tensor is conveniently transformed to
irreducible spherical tensor form [26,54]. The irreducible



Table 9
Vibrational transition moments lfi and effective intensities I fi

(T = 300 K) for a number of hot 14NHþ3 transitions

Banda Ci
b Cf

c mfi

(cm�1)
lfi (D) I fi ðcm mol�1Þ

2m2 � m2 A002 A01 937.37 0.43392 5858.6
m2 þ m4 � m2 A002 E00 1522.59 0.18174 1687.0
2m4 � m2 A002 A01 2099.33 0.01049 7.8
m1 � m2 A002 A01 2331.55 0.03134 76.9
m2 þ 2m4 � m2 A002 E00 3035.81 0.03791 146.5
m2 þ m3 � m2 A002 E00 3372.17 0.24340 6706.5
3m2 þ m4 � m2 A002 E00 3445.90 0.00756 6.6
m1 þ 2m2 � m2 A002 A01 4154.66 0.01913 51.0
m2 þ m3 þ m4 � m2 A002 E00 4872.42 0.03059 153.0
3m2 þ m3 � m2 A002 E00 5243.96 0.00610 6.6
m2 þ m3 þ 2m4 � m2 A002 E00 6340.09 0.00560 6.7
m1 þ m2 þ m3 � m2 A002 E00 6490.76 0.01835 73.4
m2 þ 2m3 � m2 A002 E00 6717.97 0.00467 4.9
m2 þ m4 � m4 E0 E00 909.37 0.45232 325.7
2m4 � m4 E0 A01 1486.12 0.18957 94.6
2m4 � m4 E0 E0 1503.19 0.25875 178.3
m1 � m4 E0 A01 1718.33 0.03508 3.7
m3 � m4 E0 E0 1876.95 0.05928 11.7
3m4 � m4 E0 E0 2965.73 0.02695 3.8
3m4 � m4 E0 A01 2996.78 0.04314 9.9
3m4 � m4 E0 A02 2998.48 0.04517 10.8
m1 þ m4 � m4 E0 E0 3218.95 0.02651 4.0
m3 þ m4 � m4 E0 A02 3358.92 0.17512 182.6
m3 þ m4 � m4 E0 E0 3366.90 0.22848 311.6
2m2 þ 2m4 � m4 E0 E0 3379.35 0.03231 6.3
m3 þ m4 � m4 E0 A01 3384.98 0.16719 167.8
m1 þ m2 þ m4 � m4 E0 E00 4121.76 0.02030 3.0
m3 þ 2m4 � m4 E0 E0 4823.34 0.02998 7.7
m3 þ 2m4 � m4 E0 A01 4846.30 0.03393 9.9
m3 þ 2m4 � m4 E0 A02 4848.88 0.03201 8.8
2m1 þ m4 � m4 E0 E0 6483.97 0.01795 3.7
3m2 � 2m2 A01 A002 967.41 0.51678 95.8
2m2 þ m4 � 2m2 A01 E0 1532.16 0.17859 18.3
2m2 þ m3 � 2m2 A01 E0 3355.51 0.23979 72.3
2m2 þ m4 � ðm2 þ m4Þ E00 E0 946.94 0.61774 8.1
m2 þ m3 þ m4 � ðm2 þ m4Þ E00 E00 3349.83 0.22681 3.9

a Spectroscopic assignment of the vibrational band.
b Symmetry of the initial vibrational state in D3h(M).
c Symmetry of the final vibrational state in D3h(M).
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tensor components of the static electric polarizability tensor
in the space-fixed axis system are

�að0;0Þs ¼ � 1ffiffiffi
3
p �aXX þ �aYY þ �aZZ½ � ð32Þ

�að2;0Þs ¼ 1ffiffiffi
6
p 2�aZZ � �aXX � �aYY½ � ð33Þ

�að2;�1Þ
s ¼ 	�aXZ � i�aYZ ð34Þ

�að2;�2Þ
s ¼ 1

2
�aXX � �aYY½ � � i�aXY ð35Þ

where we use a ‘bar’ to signify that the tensor components
are averaged over the electronic ground state wavefunc-
tion. The space-fixed components �aðr;r

0Þ
s can now be rela-

tively straightforwardly transformed to the molecule-fixed
axis system xyz [26,55]. The operator �að0;0Þs in Eq. (32) is
totally symmetric in the rotation group K (spatial) [26]
and thus invariant under rotations in space (i.e., it trans-
forms as the irreducible representation Dð0Þ). The operators
�að2;rÞs , r ¼ 0;�1;�2, in Eqs. (33)–(35) transform as the irre-
ducible representation Dð2Þ of the group K (spatial). The
irreducible tensor components in the molecule-fixed axis
system xyz, which we denote as �að0;0Þm , �að2;0Þm , �að2;�1Þ

m , and
�að2;�2Þ

m , are obtained [26,56] by replacing, in Eqs. (32)–
(35), subscript s by subscript m, X by x, Y by y, and Z

by z.
4. Rotation–vibration energies and spectra

4.1. Band centers

The AQZ potential energy surface described in Section 2
has been used to calculate vibrational term values of
14NHþ3 . The calculations were carried out with the com-
puter program XY3 described in detail previously [29]. In
the numerical integration of the out-of-plane-bending
Schrödinger equation (see Ref. [29]) a grid of 1000 points
was used. The size of the vibrational basis set was con-
trolled by the parameter P max defined so that

P ¼ 2ðv1 þ v3Þ þ v2=2þ v4 6 P max; ð36Þ
where the vibrational quantum numbers v1; v3 are associ-
ated with the stretching basis functions, v2 describes the
excitation of the out-of-plane bending mode, and v4 de-
scribes the excitation of the ‘deformation’ bending mode.
We use here P max ¼ 14. The kinetic energy operator expan-
sion was truncated after the fourth-order terms while the
potential energy function was truncated after the sixth-or-
der terms [29]. The spin-rotation splitting is found to be
small for NHþ3 [1] and so we neglect spin effects in the rovi-
brational calculations. In Table 6, we list the calculated
term values for vibrational states of 14NHþ3 with A01, A002,
E0, and E00 symmetry in D3h(M) (states of symmetry A02
and A001 are highly excited and no such state has been exper-
imentally characterized owing to unfavourable selection
rules); the calculated term values are compared with the
available experimental and theoretical values. Calculations
carried out with the kinetic energy operator being ex-
panded to different orders suggest that for the term values
in Table 6, the error originating in the kinetic energy trun-
cation is generally within 1 cm�1. The only exception is the
m2 þ 4m4 level at 6878.42 cm�1 which has an estimated error
of about 3 cm�1.
4.2. Electric-dipole transition moments

Along with the band centers described in Section 4.1 we
compute the vibrational transition moments defined as

lfi ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX
a¼x;y;z

UðfÞvibj�lajUðiÞvib

D E			 			2
s

; ð37Þ



Fig. 1. ‘Effective’ absorption intensities of 14NHþ3 computed at an absolute temperature of 300 K (note the logarithmic ordinate scale and see the text for
details). Only transitions with an effective intensity larger than 10 cm mol�1 are shown.
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where jUðwÞvib >, w ¼ i or f, are vibrational wavefunc-
tions (J ¼ 0), and �la is the component of �l (Eq. (8)) along
the molecule-fixed a (=x,y,z) axis. The matrix elements
required are generated by techniques described in Ref.
[29] for matrix elements of the potential energy function.
In calculating the vibrational wavefunctions, we use the
ab initio AQZ potential energy surface. To obtain the
vibrational transition moments we utilize the ATZfc dipole
moment surface. The basis set truncation parameter P max

(Eq. (36)) was chosen to be 14.
By comparing our theoretical values for the vibrational

transition moments lfi to other theoretical values available
in the literature [18,23] for 14NHþ3 , we can assess the quality
of the ATZfc dipole moment surface. We make this com-
parison in Table 7. It is seen that the ATZfc DMS affords
a reasonable description of the intensities for transitions



Table 10
Matrix elements of the polarizability tensor (in Å3) for 14NHþ3 transitions
originating in the ground vibrational state

Banda Cf
b mfi (cm�1) a00 a20 b c

g.s. A01 1.99927 0.29718
m4 E0 1512.54 0.03804
2m2 A01 1836.69 0.00125 0.00528
m2 þ m4 E00 2421.91 0.00763
2m4 E0 3015.73 0.01337
m1 A01 3230.87 0.16195 0.06433
2m2 þ m4 E0 3368.85 0.00298
m3 E0 3389.49 0.07435
4m2 A01 3796.11 0.00054 0.00007
m2 þ 2m4 E00 3935.14 0.00067
m2 þ m3 E00 4271.49 0.01056
3m2 þ m4 E00 4345.23 0.00013
3m4 A01 4509.33 0.00001 0.00029
m1 þ m4 E0 4731.49 0.00567
m3 þ m4 E0 4879.45 0.00708
2m2 þ 2m4 E0 4891.90 0.00105
m3 þ m4 A01 4897.52 0.00307 0.00237
m1 þ 2m2 A01 5053.99 0.00029 0.00109
2m2 þ m3 E0 5192.20 0.00026
4m2 þ m4 E0 5345.37 0.00003
m1 þ m2 þ m4 E00 5634.30 0.00084
m2 þ m3 þ m4 E00 5771.74 0.00009
3m2 þ 2m4 E00 5876.74 0.00028
4m4 E0 5996.56 0.00016
m1 þ 2m4 E0 6220.87 0.00054
m3 þ 2m4 A01 6358.85 0.00092 0.00012
5m2 þ m4 E00 6365.29 0.00006
m3 þ 2m4 E0 6381.04 0.00019
2m2 þ 3m4 A01 6404.43 0.00028 0.00025
2m1 A01 6404.75 0.00149 0.00158
m1 þ m3 E0 6515.33 0.00108
m1 þ 2m2 þ m4 E0 6574.90 0.00006
2m3 A01 6691.19 0.00580 0.00202
2m2 þ m3 þ m4 E0 6702.07 0.00021
2m2 þ m3 þ m4 A01 6721.18 0.00008 0.00027
2m3 E0 6751.66 0.00261
m2 þ 4m4 E00 6935.53 0.00002
m1 þ 4m2 A01 7000.12 0.00002 <10�6

a Spectroscopic assignment of the vibrational band.
b Symmetry of the final vibrational state in D3h(M).

Table 11
Matrix elements of the polarizability tensor (in Å3) for a number of hot
14NHþ3 transitions

Banda Cf
b Ci

c mfi

(cm�1)
a00 a20 b c

m2 � m2 A002 A002 0.00 2.00693 0.29368
m4 � m2 E0 A002 613.22 0.00766
m2 þ m4 � m2 E00 A002 1522.59 0.03826
3m2 � m2 A002 A002 1904.77 0.00283 0.00955
2m4 � m2 E0 A002 2116.41 0.00069
2m2 þ m4 � m2 E0 A002 2469.53 0.01096
m3 � m2 E0 A002 2490.17 0.01023
m2 þ 2m4 � m2 E00 A002 3035.81 0.01387
m2 þ m3 � m2 E00 A002 3372.17 0.07460
3m2 þ m4 � m2 E00 A002 3445.90 0.00096
m1 þ m4 � m2 E0 A002 3832.17 0.00130
5m2 � m2 A002 A002 3909.41 0.00085 0.00018
m3 þ m4 � m2 E0 A002 3980.12 0.00033
2m2 þ 2m4 � m2 E0 A002 3992.57 0.00154
m4 � m4 E0 E0 0.00 2.84398 0.42642 0.00116
m2 þ m4 � m4 E00 E0 909.37 0.00013
2m2 � 2m2 A01 A01 0.00 2.01463 0.29015
4m2 � 2m2 A01 A01 1959.42 0.00482 0.01394
3m2 � 3m2 A002 A002 0.00 2.02240 0.28666
5m2 � 3m2 A002 A002 2004.64 0.00718 0.01845
2m4 � 2m4 E0 E0 0.00 2.86416 0.43376 0.00044
m1 � m1 A01 A01 0.00 2.05688 0.32319
m3 � m1 E0 A01 158.62 0.02964
m2 þ m3 � m1 E00 A01 1040.62 0.00421
m3 � m3 E0 E0 0.00 2.90156 0.45125 0.02348
m1 þ m2 � m3 A002 E0 733.85 0.00350
m2 þ m3 � m3 E00 E0 882.00 0.00452
4m2 � 4m2 A01 A01 0.00 2.03027 0.28324
6m2 � 4m2 A01 A01 2042.89 0.00987 0.02305

a Spectroscopic assignment of the vibrational band.
b Symmetry of the final vibrational state in D3h(M).
c Symmetry of the initial vibrational state in D3h(M).
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involving both stretching and bending excitation. The cor-
responding vibrational transition moments for NH3 have
been reported in Refs. [30,32].

In Tables 8 and 9 we provide more extensive lists of
transition moments relevant for the room-temperature
absorption spectrum of 14NHþ3 . We list ‘effective intensities’
defined as

I fiðf  iÞ ¼ 8p3NA~mif

ð4p�0Þ3hc
e�Ei=kT

Qeff

1� e� Ef�Eið Þ=kT
� �

l2
fi; ð38Þ

where Ei and Ef are the band centers of the initial and final
states, respectively, N A is the Avogadro constant, h is
Planck’s constant, c is the speed of light in vacuum, k is
the Boltzmann constant, T = 300 K, �0 is the permittivity
of free space. The vibrational strength is l2

fi with lfi defined
in Eq. (37), and, finally, the partition function Qeff was set
to 100. Qeff ¼ 100 can be viewed as a typical value of the
rotation–vibration partition function, and so the value of
I fiðf  iÞ is representative for the intensities of the individ-
ual rotation–vibration transitions of the vibrational band
in question. Only transitions with I fiðf  iÞP 3 cm mol�1

are included in Tables 8 and 9. The intensities from these
tables are visualized in Fig. 1.

We have carried out calculations of the electric-dipole
matrix elements in Table 7 and the effective intensities in
Tables 8 and 9 (and of the polarizability tensor matrix ele-
ments described in Section 4.3 below) with various values
of P max (Eq. (36)). These calculations suggest that, with
the limited number of significant digits given here, the val-
ues listed are essentially converged.
4.3. Polarizability tensor matrix elements

The ATZfc polarizability tensor surface has been used,
together with the vibrational wavefunctions jUðwÞvib i,
w ¼ i or f, described in Section 4.2, to compute the matrix
elements



Fig. 2. The m2, 2m2 � m2, m3, m2 þ m3 � m2, and m4 absorption bands of 14NHþ3 , simulated at an absolute temperature of 300 K.
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a00ðf ; iÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
UðfÞvib �að0;0Þm

			 			UðiÞvib

D E2
r

; ð39Þ

a20ðf ; iÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
UðfÞvib �að2;0Þm

			 			UðiÞvib

D E2
r

; ð40Þ

bðf ; iÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
UðfÞvib �að2;1Þm

			 			UðiÞvib

D E2

þ UðfÞvib �að2;�1Þ
m

			 			UðiÞvib

D E2
r

; ð41Þ

cðf ; iÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
UðfÞvib �að2;2Þm

			 			UðiÞvib

D E2

þ Uðf Þvib �að2;�2Þ
m

			 			UðiÞvib

D E2
r

; ð42Þ

where the definitions of the irreducible tensor components
of the static polarizability tensor in the molecule-fixed axis
system xyz, �að0;0Þm , �að2;0Þm , �að2;�1Þ

m , and �að2;�2Þ
m , are given in con-

nection with Eqs. (32)–(35). From the matrix elements in
Eqs. (39)–(42) we can generate all the vibrational matrix
elements that govern the intensities of Raman transitions.
The results for a number of low-wavenumber vibrational
transitions are given in Tables 10 and 11.
4.4. Intensity simulations

We have simulated the m2, 2m2 � m2, m3, m2 þ m3 � m2, and
m4 absorption bands of 14NHþ3 at an absolute temperature
of T = 300 K. These simulations are based on the potential
energy surface AQZ and the dipole moment surface
ATZfc; they are analogous to those reported for NH3 in
Ref. [32]. The simulated bands all start in the vibrational
ground state, and we include in them transitions between
rotational states with J 6 20. In Fig. 2, we have drawn
the simulated spectra as stick diagrams, where the height
of the stick representing a line is the integrated absorption
coefficient [30,32]. The line strengths are computed with the
spin statistical weight factors gns ¼ 0 for states with A01 and
A001 symmetry in D3h(M) [26,27], gns ¼ 12 for states with A02
and A002 symmetry, and gns ¼ 6 for states with symmetry E0

and E00. In order to reduce the size of the matrices to be
diagonalized and thus make the calculations feasible, the
vibrational basis set is reduced to have P max ¼ 10 (Eq.
(36)) relative to the P max ¼ 14 basis set employed for calcu-
lating the vibrational transition moments in Section 4.2.
Test calculations indicate that the effect of this reduction
on the line intensity values of the bands in question is less
than 0.01% and thus very small.

In computing the integrated absorption coefficient, we
use the partition function value Q ¼ 901:2, which is
obtained from the J 6 20 term values calculated variation-
ally at T = 300 K.

5. Conclusions

We have calculated a six-dimensional CCSD(T)/aug-cc-
pVQZ potential energy surface for the electronic ground
state of 14NHþ3 together with the corresponding
CCSD(T)/aug-cc-pVTZ dipole moment and polarizability
surfaces. The computed ab initio data are provided as sup-
plementary material together with FORTRAN routines for
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evaluating the corresponding analytical functions at any
geometry. Based on the electronic properties, we have cal-
culated band centers, electric-dipole transition moments,
and vibrational matrix elements of the polarizability tensor
components for 14NHþ3 . The rotation–vibration energies
and wavefunctions employed in the latter calculations were
generated by means of a variational formalism already
applied to other XY3 pyramidal molecules such as ammo-
nia and phosphine [29,30]. Furthermore, we have used this
formalism to simulate the m2, m3, m4, 2m2 � m2, and
m2 þ m3 � m2 absorption bands of 14NHþ3 .

The vibrational term values for 14NHþ3 (Table 6)
obtained from the AQZ PES of the present work are, on
the average, in substantially better agreement with experi-
ment than the results of previous theoretical calculations
[19,21] also included in Table 6 and based on PESs from
CEPA [19] and MR-CI [21] ab initio calculations. For
example, the m3 fundamental term value is experimentally
determined [1] as 3388.65 cm�1 and we obtain a theoretical
value of 3389.49 cm�1 while the MR-CI calculation of Ref.
[21] yielded 3331 cm�1. In the CEPA calculation [19], only
term values for vibrational states of A01 or A002 symmetry
were calculated, and so no value for the m3 state (of E0 sym-
metry) was given. Similarly, for the m1 þ m2 state (of A002
symmetry), the experimental term value [14] is
4127.5 cm�1, the value obtained of the present work is
4123.35 cm�1, the MR-CI value [21] is 4143 cm�1, and
the CEPA value [19] is 4214 cm�1. For a few low-lying
states, the term values from the previous calculations
[19,21] are in slightly better agreement with experiment
than the results of the present work, but for several states
at higher energy there are very significant improvements
as exemplified here. Obviously the AQZ PES of the present
work is a decisive improvement on the MR-CI and CEPA
PESs from Refs. [19,21] and, as mentioned in Section 1, we
hope that our ATZfc electric-dipole moment surface repre-
sents a similar improvement so that we can obtain accurate
theoretical predictions of transition intensities, especially
for transitions involving highly excited states.

We have discussed in Section 1 that to a large extent, the
motivation for the present work is to facilitate the observa-
tion of NHþ3 in an astrophysical context. A prerequisite for
the observation of NHþ3 in space is the availability of lab-
oratory spectroscopic data and, as mentioned in Section
1, these data are very limited at the moment. We hope that
the present work will stimulate further experimental studies
of NHþ3 . However it should be mentioned that in general,
the rovibrational transitions of the ion are found theoreti-
cally to be quite weak, and this makes the observation in
space a challenging problem.

In order to facilitate the observation of NHþ3 in astro-
physical environments it would clearly be desirable to sim-
ulate the rotational spectra of NH2D+ and NHDþ2 . The
computer program XY3 employed in the present work,
however, only permits calculations for pyramidal mole-
cules with D3h(M) [26,27] molecular symmetry group. We
are currently extending the newly developed program
TROVE [57], which can treat NH2D+ and NHDþ2 , by mod-
ules to calculate rovibrational intensities. The simulation of
the rotational spectra of NH2D+ and NHDþ2 will be one of
the first applications of the extended program and will be
the subject of a future publication. Also, we plan further
theoretical work on the Raman spectra of four-atomic
pyramidal molecules. Recently, we have computed full-
dimensional ab initio polarizability tensor surfaces for
NH3 and SbH3, and these surfaces will be used for predict-
ing Raman intensities.
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